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Abstract 

For the algebra Ii = K(x, 4-, J) of polynomial integro-differential operators over a field K 
of characteristic zero, a classification of simple modules is given. It is proved that Ii is a left 
and right coherent algebra. The Strong Compact- Fredholm Alternative is proved for Ii. The 
endomorphism algebra of each simple Ij -module is a finite dimensional skew field. In contrast 
to the first Weyl algebra, the centralizer of a non-scalar integro-differential operator can be 
a noncommutative, non-Noetherian, non-finitely generated algebra which is not a domain. 
It is proved that neither left nor right quotient ring of Ii exists but there exists the largest 
left quotient ring and the largest right quotient ring of Ii, they are not Ii-isomorphic but 
\\-anti-isomorphic. Moreover, the factor ring of the largest right quotient ring modulo its 
only proper ideal is isomorphic to the quotient ring of the first Weyl algebra. An analogue 
of the Theorem of Stafford (for the Weyl algebras) is proved for Ii: each finitely generated 
one-sided ideal of \\ is 2-generated. 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} 
is the set of natural numbers; if is a field of characteristic zero and K* is its group of units; 
Pi := K[x] is a polynomial algebra in one variable x over K; d := Endif(Pi) is the algebra 
of all if -linear maps from Pi to Pi, and Aut k (Pi) is its group of units (i.e., the group of all 
the invertible linear maps from Pi to Pi); the subalgebras Ai := K(x,d) and Ii := K(x,d,J) 
of End/f(Pi) are called the (first) Weyl algebra and the algebra of polynomial integro-differential 
operators respectively where J ■ Pi -> Fi, p H J pdx, is integration, i.e., J : x n i-> x n+1 for all 
n G N. The algebra Ii is neither left nor right Noetherian and not a domain. Moreover, it contains 
infinite direct sums of nonzero left and right ideals, |12j . 



In Section [2] a classification of simple Ii-modules is given (Theorem I2.ip . it is similar to the 
classification of simple ^i-modules from [4j and to Block's classification [T7], [T8] (Block was the 
first who did it for Ai in his seminal, long paper [TS]. Later advancing Block's ideas and using 
an approach of generalized Weyl algebras an alternative classification was given in [J and the 
proof comprises only several pages). One might expect (which is not obvious from the outset) a 
close connection between the simple modules of the algebras Ai and Ii . The reality is even more 
surprising: the algebra Ii has exactly 'one less' simple module than the algebra Ai (Theorem l2.2[) . 
So, surprisingly, inverting on the right the derivation d (i.e., adding the integration J which is a 
one-sided inverse of d, d J = 1, but not two-sided) 'kills' only a single simple ^-module. 

In Section [3l for modules and algebras two new concepts are introduced: the Compact- 
Fredholm Alternative and the Strong Compact-Fredholm Alternative. The Strong Compact- 
Fredholm Alternative is proved for the algebra Ii (Theorem I3.1j) which says that on all simple 
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Ii-modules the action of each element of Ii is either compact (i.e., the image is finite dimensional) 
or, otherwise, Fredholm (i.e., the kernel and the cokernel are finite dimensional). So, the algebra 



Ii = Ci t J 7 i 1 



is the disjoint union of the sets of compact and Fredholm operators respectively. The set of 
compact operators Cj_ t coincides with the only proper (two-sided) ideal 



of the algebra Ii (Theorem 13. 1[) . The endomorphism algebra of each simple Ii-module is a finite 
dimensional division algebra (Theorem I3.4[) . 

• (Theorem 13.61) Let o £ Ii, -a : Ii — > Ii, b i— ¥ ba, and li t be the length function on the set of 
left \-modules. Then 

1. lf ± (ker(-a)) < oo iff ii 1 (coker(-a)) <ooiffa^F. 

2. Z Il (im(-a)) < oo iff a E F. 

Various indices are introduced for non-compact integro-diffcrential operators, the M-index and the 
length index and it is proved that they are invariant under addition of compact operator (Lemma 
13.51 and Lemma I3.T[) . 

In Section 21 it is proved that the algebra Ii is a left and right coherent algebra (Theorem 14. 4p . 
In particular, it is proved that the intersection of finitely many finitely generated left (or right) 
ideals of Ii is again a finitely generated left (or right) ideal of Ii (Theorem 14. 3[) . 

• (Theorem |4~21) Let a eh. Then 

1. ker[ 1 (-a) and cokeri 1 (- a) are finitely generated left \\-modules. 

2. keri^a-) and cokerij (a-) are finitely generated right \\-modules. 

The Theorem of Stafford says that each left or right ideal of the Weyl algebra A n over a field 
of characteristic zero is generated by two elements [28] . The same result holds for a larger class 
of algebras that includes the, so-called, generalized Weyl algebras [11]. The simplicity of the 
Weyl algebra A n plays a crucial role in the proof. An analogue of this result is proved for the 
(non-Noetherian, non-simple) algebra Ii . 

• (Theorem I4.5[) Each finitely generated left (or right) ideal of the algebra l\ is generated by 
two elements. 

Section [SJ The centralizer of each non-scalar element of the Weyl algebra A\ is a finitely 
generated commutative (hence Noetherian) domain (see Burchnall and Chaundy and Amitsur 
Q]). In contrast to the Weyl algebra A\, the centralizer of a non-scalar element of the algebra Ii 
can be a non-finitely generated, noncommutative, non-Noetherian algebra which is not a domain 
(Proposition 15.11 (1)). Theorem 15.71 describes in great detail the structure of centralizers of non- 
scalar elements of the algebra I\. Theorem 15 .71 is too technical to be explained in the Introduction, 
it is a generalization of the Theorem of Amitsur on the centralizer for the first Weyl algebra Ai. 
We state here only two corollaries of Theorem 15.71 

• (Corollary 15. 8p Let a G Ii\K and H :— dx. Then the following statements are equivalent. 

1. a K[H] + F. 

2. Ceni 1 (a) is a finitely generated K[a]-module. 

3. Cenij (a) is a left Noetherian algebra. 
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4- Cenj 1 (a) is a right Noetherian algebra. 

5. Cenjj^ (a) is a finitely generated and Noetherian algebra. 

• (Corollary EU) Let a€h\K. Then 

1. Cenij (a) is a finitely generated algebra iff a G" (K[H] + F)\(K + F). 

2. Cenj 1 (a) is a finitely generated, not Noetherian /not left Noetherian /not right Noethe- 
rian algebra iff a € {K + F)\K. 

3. The algebra Cenj^a) is not finitely generated, not Noetherian/not left Noetherian/not 
right Noetherian iff a G (K[H] + F)\(K + F). 

In Section [6] for all elements a G an explicit formula for the index ind(aK[ x ]) is found 

(Proposition 16 . 1 1 ( 1 ) ) where clk\ x ] '■ K[x] K[x], p n> ap. Classifications are given of elements 
a Gli that satisfy the following properties: the map ax[ x ] is a bijection (Theorem l6.2[) . a surjection 
(Theorem 16. 3[) . an injection (Theorem 16.61) . In case when the map aK[ x ] is a bijection an explicit 
inversion formula is found (Theorem 16.21 (4) V The kernel and the cokernel of the linear map 
Q>k[x] are found in the cases when the map a^M is either surjective or injective (Theorem 16.31 and 
Theorem 16. 6|) . 

• (Proposition 16.11]) 

1. For each element a G Ii\F with n := dim^-(coker(oif[ a; ])), there exists an element d n + f 
for some f £ F (resp. s G (l+F)* ) such that the map (d n +f)ax[ x ] (resp. sd n s~ 1 apc[ x ]) 
is a surjection. In this case, ker((<9 n + f)aK\ x ]j — ker(ajq x i) (resp. ker(s9 n s _ a,K[x]) = 
kev(a K[x ])). 

2. For each element a G Ii\F with n := dimx(ker(ax[ K ])) 7 there exists an element 
f +g for some g G F (resp. s G (1 + F)* ) such that the map a(J +g)K{ x \ (resp. 
s J" s~ 1 ax[ x ]) is an injection. In this case, im(a(J +9)k[x\) — i m ( a _fs"[a;]) (resp. 
im(s J n s- 1 a K[x] ) =im(a K[x] )). 

3. For each element a G li\F with m :— dimx(ker(a^[ a ,])) and n := dim/f (coker(a/f [j.])), 
there exist elements d n + / and J m +g for some f,g G F (resp. s,t G (1 + F)* ) such 
that the map (d n + f)a(J m +g)ic[x\ (resp. sd n s~ 1 at J m tj}^) is a bijection. 

Proposition ^. 12l gives necessary and sufficient conditions for each of the vector spaces ker^er^ (fc) 
coker kcrii (. b )(a-), (.6) (a-) and coker cokorii ( . b ) (a-) to be finite dimensional. 

The algebra K + F = K + M OQ (i i C) admits the (usual) determinant map det (see (l33l) ). and 
the group of units of the algebra Ii is equal to {u G K + F det(it) 7^ 0}, [12]. 

For an element u G Ii, let l.inv(w) := {v G Ii | vu = 1} and r.inv(w) := {v G Ii | uv — 1}, the 
sets of left and right inverses for the element u. In 1942, Baer [5] and, in 1950, Jacobson |21) 
begun to study one sided inverses. The next theorem describes all the left and right inverses of 
elements in \\. 

• (Corollary 

1. An element a G Ii admits a left inverse iff a = a' J n for some natural number 
n > and an element a' G K* + F such that a#-[ x ] is an injection (necessarily, n = 
dimK(coker(a ir[a;] ))). In this case, l.inv(a) = {b e d n b' \ b' G K* + F, f d n b'a' f d n = 
f n d n }. £(Ii) = {a G {K* + F) J n I n G N, a K[x] is an injection}. 

2. An element b G Ii admits a right inverse iff b G d n b' for some natural number 
n > and an element b' G K* + F such that &#-r x i is a surjection (necessarily, 
n = dimj r (ker(6 K [ a r])))- In this case, r.inv(6) = {a' f \a' G K* + F, J n d n b'a' J n d n = 
J n d n }. K(h) = {b G d n (K* + F) I n G N, b K[x] is a surjection}. 
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In Section [71 it is proved that the monoid £(Ii) := {a G Ii | ba = 1 for some b G Ii} of left 
invertible elements of the algebra Ii is generated by the group of units 1^ of the algebra Ii and 
the element J. Moreover, £(Ii) = UieN^i / ' * ne disjoint union (Theorem 17.31 (1.2)). Similarly, 
the monoid H(Ii) := {b G Ii | ba = 1 for some a G !%} of right invertible elements of the algebra 
Ii is generated by the group 1^ and the element d. Moreover, 7?.(Ii) = UieN^™^i' the disjoint 
union (Theorem l7.3l (3.4)). For each left invertible element a G (respectively, right invertible 

element b G 7\L(Ii)) the set of its left (respectively, right) inverses is found (Theorem 17. 5p . 

In Section |S1 we introduce two algebras Ii and Ji that turn out to be the largest right quotient 
ring Frac r (Ii) and the largest left quotient ring Frac/(Ii) of the algebra Ii (Theorem 19. 7j) . The 
algebra Ii is the subalgebra of Endif (-ftT[x]) generated by the algebra Ii and the (large) set 

I? := hnAut K (K[x\), 

the set of all the elements of Ii that are invertible linear maps in K[x\] the group of units I* of the 
algebra Ii is a small part of the monoid I". In particular, the set 1° is the largest (w.r.t. inclusion) 
regular right Ore set in Ii but it is not a left Ore set of Ii, and Ii = 1 (Theorem 19.71 (4)). 
The algebras Ii and Ji contain the only proper ideal, C(t\) and C(Ji), respectively (precisely the 
ideal of compact operators in Ii and Ji respectively). The factor algebras Ii/C(Ii) and Ji/C(JJi) 
are canonically isomorphic to the skew field of fractions Frac(Ai) of the first Weyl algebra Ai 
and its opposite skew field Frac(Ai) op respectively (Theorem 18.31 (4) and Corollary 18.51 (4) ) . The 
simple (left and right) modules for the algebras Ii and Ji are classified, the groups of units of the 
algebras Ii and Ji are found (Proposition 19. 1[) . 

In Section|9l it is proved that the rings Ii and Ji are not Ii-isomorphic but Ii- anti-isomorphic. 
The sets of right regular, left regular and regular elements of the algebra Ii arc described (Lemma 
1931(1). Corollary El (1) and Corollary ■ 

The Conjecture/Problem of Dixmier (1968) [still open]: is an algebra endomorphism of 
the Weyl algebra A\ an automorphism? It turns out that an analogue of the Conjecture/Problem 
of Dixmier is true for the algebra Ii : 

• (Theorem 1.1, |14| ) Each algebra endomorphism of the algebra I\ is an automorphism. 

The present paper is instrumental in proving this result. 

The algebras I„ := if™ (n > 1) of polynomial integro-differential operators are studied in 
detail in [12 , their groups of automorphisms are found in [13] . 



2 Classification of simple Ii-modules 

In this section, a classification of simple Ii-modules is given (Theorem 12. ip and it is compared to 
a similar classification of simple modules over the Weyl algebra A\ (Theorem I2.2[) . 

The algebra Ii is generated by the elements d, H := dx and J (since x = J H) that satisfy 
the defining relations (Proposition 2.2, |12|): 



dj -1, [B,J] = J, [H,d] = -d, H(l- J d) = (l- J d)H = l- J 8. 
The elements of the algebra Ii , 

& - f + & + \ (l) 



satisfy the relations e^efe; = Sjkeu where Sjk is the Kronecker delta function. Notice that = 
P eoodi . The matrices of the linear maps G End^f (ii'fa:]) with respect to the basis {xW := 
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^j-} s£ n of the polynomial algebra K[x] are the elementary matrices, i.e., 

x b] if j = s, 
ifj^s. 



Let Eij G End/f (X [x]) be the usual matrix units, i.e., Eij * % for all s G N. Then 

e»j = ~7^Eiji (2) 



ife^ = , and F := 0, _ .,, /w , , = 0, , ,, KEy - M^if), the algebra (without 1) of 

infinite dimensional matrices. Using induction on i and the fact that J ekkd^ = ek+j.k+j, we can 
easily prove that 

<9 l = 1 - e o - en e 4 _ M _i = 1 - F 00 - -En E^i^x, i > 1. (3) 

A Z-grading on the algebra Ii and the canonical form of an integro-differential 
operator, |12| . The algebra Ii = © ieZ Ii,j is a Z-graded algebra C Ii^+j for all i, j G Z) 

where 

r a = if *>o, 

Ii.i = < Di if ^ = 0, (4) 

[d^D! =DidW ifi<0, 

the algebra -Di := Jf[-H] 00j SN -^eii is a commutative non-Noetherian subalgebra of Ii, Hen = 
euH = (i + l)ea for i G N (notice that ieN Ken is the direct sum of non-zero ideals of Di); 
(f D 1 ) Dl ~ Di, fd^ d; o^Did 1 ) ~ dd* i-> d, for all z > since d i f = 1. Notice that 
the maps ■ p : D\ ^ D\ p , d ^ d p , and <9 J - : Z?i — > d l D\, d 9M, have the same kernel 

0j=O 

Each element a of the algebra Ii is the unique finite sum 

i>o j>o J »,ieN 

where G ^[-H] and A<y G X. This is the canonical form of the polynomial integro-differential 
operator [12] . 

Definition. Let a G Ii be as in (JSJ) and let Of := Y^, XijCij. Suppose that of 7^ then 

deg F (a) := min {nGN|a F G tfey} (6) 

i,j=0 

is called the F- degree of the element a; deg F (0) := — 1. 

r f if i > 0, 

Let Vi := < 1 if i = 0, 
[al'l ifi<0. 

Then Ii,/ = Z3i«i = ViDi and an element a G Ii is the unique finite sum 

a = ^ b i y i + X! " ( 7 ) 

where h G If [if] and G K. So, the set {Wd\H^, p W,e st \i>l;j,s,t> 0} is a F-basis for 
the algebra Ii . The multiplication in the algebra Ii is given by the rule: 

j H = (H-i) J, Hd = d(H-l), j < ,j < ,. : . , . <,, j < ih , , 1 , 1 . , <,,<> (>(,,.,. 
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He u = e u H = {i + l)eu, i G N, 

where e_ij- := and e^—i := 0. 

The ideal F of compact operators of I\. Let V be an infinite dimensional vector space over 
a field if. A linear map tp G End/<-(y) is called a compact linear map/operator if dim^ (im(<p)) < 

00. The set C — C(V) of all compact operators is a (two-sided) ideal of the algebra End^ (V). The 
algebra Ii has the only proper ideal 

F= Keij ~ Mqo (if), 

z j'GN 

the ideal of compact operators in Ii, F = Ii flC(if [a:]) (Corollary [331), — ^- The factor algebra 
Ii/F is canonically isomorphic to the skew Laurent polynomial algebra B\ := if [H][d, <9 _1 ; r], 
r(ii) = iT + 1, via i— > 0, J i— > d^ 1 , H >-> H (where 9 ±1 a = r ±1 (a)9 ±1 for all elements 
a G if [if]). The algebra -Bi is canonically isomorphic to the (left and right) localization A\ t g of 
the Weyl algebra A\ at the powers of the element d (notice that x = d~ l H). Therefore, they have 
the common skew field of fractions, Frac(Ai) = Frac(Bi), the first Weyl skew field. The algebra 
Bi is a subalgebra of the skew Laurent polynomial algebra B\ := K(H)[d, d" 1 ; r] where K(H) 
is the field of rational functions over the field if in H. The algebra B\ = is the left and 

right localization of the algebra B\ at the multiplicative set S — K[H}\{0}. The algebra B\ is 
a noncommutative Euclidean domain, i.e., the left and right division algorithms with remainder 
hold with respect to the length function I on Bi: 

l(a m d m + a m+1 d m+1 + ■■■ + a n d n ) =n-m 

where aj G K(H), a rn ^ 0, a„ ^ 0, and m < ■ ■ ■ < n. In particular, the algebra B\ is a principal 
left and right ideal domain. A £>i-module M is simple iff M ~ £>i/£>i& for some irreducible element 
& G Si, and B\jB\b ~ B\/B\c iff the elements & and c are similar (that is, there exists an element 
d <E Bi such that 1 is the greatest common right divisor of c and d, and &<i is the least common 
left multiple of c and d). 

The involution * on the algebra 1\. The algebra Ii admits the involution * over the field 

K: 

d* = J, J =d and H* = H, 

1. e., it is a if-algebra anti-isomorphism ((ab)* = b*a*) such that a** = a. Therefore, the algebra 
Ii is self-dual, i.e., it is isomorphic to its opposite algebra I^ p . As a result, the left and right 
properties of the algebra 1% are the same. Clearly, e*j — eji for all i,j G N, and so F* = F. 

A classification of simple I^-modules. Since the field K has characteristic zero, the group 
(r) ~ Z acts freely on the set Max(K[H]) of maximal ideals of the polynomial algebra if [i?]. That 
is, for each maximal ideal p G Max(if [H]), its orbit 0(p) := {t 1 (Jj) | i G Z} contains infinitely many 
elements. For two elements r l (p) and T J (p) of the orbit 0(p), we write r l (p) < r J (p) if i < j. Let 
Max(if [if])/(r) be the set of all (r)-orbits in Max(if [H]). If K is an algebraically closed field 
then p = (H - A), for some scalar A G K, Max(if [H]) ~ if, and Max(if [H])/{t) ~ if/Z. 

For elements a, /3 G if[ii], we write a < /3 if for all maximal ideals p,q G Max(if [ii]) that 
belong to the same orbit and such that a G p and (3 G q we have p < q. If if is an algebraically 
closed field then p < q iff A — \x > for all roots A and fj, of the polynomials p and q respectively 
(if they exist) such that A — [i G Z. 

Definition. An element 6 = d~ m (3- m H h /3 G Bi, where all ft G if [ii], /3_ m ^ 0, (3 ^ 0, 

and m > 0, is called a normal element if /3q < /?-m- 
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Let the element b — d~ m /3- m + ■ ■ ■ + (3o E B\ be such as in the Definition above but not 
necessarily normal. Then there exist polynomials a, j3 E K[H] such that the element fiba' 1 E B\ 
is normal. For example, 

a - li^iPo) | - s < i < 0}, = IlMA)) I - m - s < 3 < 1} 

where s£N such that t s ((3 ) < P-m and r~ s (/3 ) < /?o (Proposition 16, [B]). 

For an algebra A, let A be the set of isomorphism classes of simple A-modules and, for a simple 
A-module M , let [M] e i be its isomorphism class. For an isomorphism invariant property V of 
simple A-modules, let 

A{V) := {[M] 6 A\ M has property V}. 

The socle soc(M) of a module M is the sum of all the simple submodules if they exist and zero 
otherwise. Since the algebra Ii contains the Weyl algebra Ax, which is a simple infinite dimensional 
algebra, each nonzero Ii-module is necessarily an infinite dimensional module. 

The algebra B\ = K[H](t, 1), t(H) = H + 1, is an example of a generalized Weyl algebra 
(GWA) A = D(a, a) over a Dedekind domain D which is in the case of the algebra B\ is the poly- 
nomial algebra K[H). Many popular algebras of small Gelfand-Kirillov dimension are examples 
of A (eg, the Weyl algebra A\, the quantum plane A = K(x,y\xy = Xyx), A E if*; the quantum 
Weyl algebra Ai(q) = K(x, d | dx — qxd = 1), q E if \{0, 1}, all prime infinite dimensional factor 
algebras of Usl(2), etc). A classification of simple A-modules is obtained in [4j [5j [6J [7] . 

Since the algebra Bi is a factor algebra of Ij , there is the tautological embedding 

[M] n> [M]. 

Therefore, B x CI X . 

Theorem 2.1 (Classification of simple Ii-modules) 
i. Ii = {[if[x]]}L[Si. 

I?. The set B\ = Bi(K[H] — torsion) JJ B\{ if [H] — torsion free) is the disjoint union where 
Bi{K[H] - torsion) := { [M] E B 1 \S- 1 M = 0}, Bi(K[H] - torsion free) := {[M] E 
B 1 | S~ l M ^ 0}, and S := K[H]\{0}. 

3. The map 

Max(if [#])/(r) -4 Si (if [if] - torsion), [p] ^ [Si /Sip], 

is a bijection with the inverse map [N] M> supp(A^) := {p E Max(if [H]) \ p ■ n p — for some 
0^n p EN}. 

4- (Classification of simple if [Sj-torsion free Ii-modules) 

(a) The map 

Si (if [H] - torsion free) -> B x , [M] i-> [5 -1 Af], 

is a bijection with the inverse map soc^ : [N] t-^ [socs 1 (iV)] where socb 1 (A^) is the 
socle of the Bi-module N . 

(b) Let b = d~ m j3- m + ■ ■ ■ + /3q E B x be a normal element of the algebra B\ which is an 
irreducible element of the algebra B\ where all E K[H], /3_ m ^ 0, /3o ^ 0, andm > 0. 
Then B x j ' B x C\B\b is a K[H]-torsion free simple B x -module. Up to isomorphism, every 
K[H]-torsion free simple B x -module arises in this way, and from b which is unique up 
to similarity. 

(c) An \\-module M is simple K[H]-torsion free iff M ~ (B\a + B\b)/B\b ~ B\jB\ n 
B\ba~ x for some irreducible in B\ element b E B\ such that the element flba^ 1 E B\ 
is normal where a, ft E K[H]. 
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Proof. 1. Statement 1 follows from the facts that K[x] is the only (up to isomorphism) faithful 
simple Ii-module (Proposition 6.1, [H]), F is the only proper ideal of the algebra Ii and B\ — 1\/F. 

2. Statement 2 is obvious. 

3. Statement 3 is a particular case of Theorem 11, [BJ. 

4. Statement 4 is a particular case of Theorem 17, [BJ. □ 

Let p G Max(K[H]). Then the simple Ii-module Bi/Bip ~ ieZ d i K [H]/p is a semi-simple 
K [#]-module since K[H] {d l K[H}/p) ~ if[ff]/r J (p). 

A classification of simple Ai-modules was given by Block, [T7j and [T8] . 

Relationships between the sets of simple Ii-modules and Ai-modules. We will see 
that the algebras Ii has "one less" simple module than the Weyl algebra A% (Theorem I2.2l f3)). 
The algebra B\ is a left (but not right) localization of the algebra Ii at the powers of the element 
d [II], B 1 = Sg% where Sg := {d l \ i G N}. The algebra B 1 = S d 1 A 1 is the left and right 
localization of the Weyl algebra A\ at Sg. It follows at once from the fact that the Ii-module 
Ii/Ii<9 = K[x] is simple and 9-torsion (i.e., S g ~ 1 K[x} = 0) that 

?! (d - torsion) = {[if [a;]]}. 

Similarly, the Ai-module Ai/Aid = K[x] is simple and 9-torsion. Then 

A x (d -torsion) = {[K [x]]}. 

The algebra B\ = K(H)[d, d" 1 ; r] is a left and right localization of the algebras Ii and Ax at 
S:=K[II\\{0}, 

B x = S~% = S^Al 

Therefore, the sets of simple Ii- and Ai-modules can be represented as the disjoint unions of 
K [H] -torsion and X[iJ]-torsion free modules: 

Ii = %(K[H] - torsion) ]Jli(if [H] - torsion free), 

A-i = Ai (K [H] - torsion) ]J M (K [H] - torsion free) , 



where 

Ii (K [H] - torsion) = { [K [x]] } ]J B x (K [H] - torsion) , 

1\(K[H] — torsion free) = B\{K\H\ — torsion free), 

A X {K[H] - torsion) = {[Ai/Aix]} ]J{[K[x]}} ]J A\(K[H] - torsion), 

where the set A[(K[H] — torsion) is obtained from the set Ai(K[H] — torsion) by deleting its two 
elements [Ai/Aix] and [ii"[x]]. 

Recall that the Weyl algebra A x is a GWA K[H](a,H), a(H) = H - 1, over the Dedekind 
domain K[H\. There is a similar to Theorem 12.11 classification of simple Ai-modules [I], [5J, [BJ. 
Comparing it to Theorem 12. 11 the next theorem follows. 

Theorem 2.2 1. The map A[(K[H] - torsion) Bi(K[H] - torsion), [M] ^ [S^M], is a 
bijection with the inverse map [N] <— > [^./V]. 

2. The map Ax{K[H] — torsion free) -> Bi(K[H] — torsion free), [M] [S^M], is a bijection 
with the inverse map [N] i— > [soc^ N] . 

3. Combining statements 1 and 2, the map 

MMiAx/Arx]} -+% = {TODjjB!, [K[x]} ^ [K[x]], [M] ^ [S^M], 
is a bijection with the inverse map [K[x\\ [K[x]] and [N] (— > [soc^ N] where [N] G B\. 
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3 The Strong Compact-Fredholm Alternative 



In this section, the Strong Compact-Fredholm Alternative is proved for the algebra Ii (Theorem 
13. ip , it is shown that the endomorphism algebra of each simple Ii -module is a finite dimensional 
division algebra (Theorem l3.4l) . Various indices are introduced for non-compact integro-diffcrcntial 
operators, the M-index and the length index, and we show that they are invariant under addition 
of compact operator (Lemma 13.51 and Lemma |3. T[) . 

The (Strong) Compact-Fredholm Alternative. Let T = J-[K] be the family of all K- 
linear maps with finite dimensional kernel and cokernel, such maps are called the Fredholm linear 
maps/ 'operatorts. So, T is the family of Fredholm linear maps/operators. For vector spaces V and 
U, let .F(V, U) be the set of all the linear maps from V to U with finite dimensional kernel and 
cokernel and T(V) := F(V, V). So, T — ]J V v F(V 7 U) is the disjoint union. 

Definition. For a linear map tp G J 7 , the integer 

ind((^) :— dimker((^) — dimcoker(c/?) 

is called the index of the map if. 

Example. Note that d, J £l\ C End K (K[x}). Then 

ind(<9 1 ) = i and ind( J ) = -i, i>l. (8) 

It is well-known that for any two linear maps M A N \ L there is the long exact sequence of 
vector spaces 

— > kcr(a) — > kcr(fea) — > ker(6) — > coker(a) — > coker(&a) — > coker(6) — > 0. (9) 

Let C be the family of if-linear maps with finite dimensional image, such maps are called 
the compact linear maps/operators. For vector spaces V and U, let C(V, U) be the set of all the 
compact linear maps from V to U . So, C — Ylvu^iVi U) is the disjoint union. If V = U we write 
C(V) :=C(V,V). 

Definitions. Let A be an algebra and M be its module. We say that, for the A-module M, 
the Compact-Fredholm Alternative holds if, for each element a £ A, the linear map om ■ M — > M, 
m i — y am, is either compact or Fredholm. We say that for the algebra A the Compact-Fredholm 
Alternative holds if for each simple A-module it does; and the Strong Compact-Fredholm Alternative 
holds if, in addition, for each element a £ A either the linear maps om are compact for all simple 
A-modules M or, otherwise, they are all Fredholm. In the first and the second case the element a 
is called a compact and Fredholm element respectively, and the sets of all compact and Fredholm 
elements of the algebra A are denoted by Ca and Ta respectively; then 

A = C a ]\Fa 

is the disjoint union (for the algebra A with Strong Compact-Fredholm Alternative). Clearly, 

Ca is an ideal of the algebra A and Ca 12 rad(A), the Jacobson radical of A. By ([9]), Ta is a 
multiplicative monoid that contains the group of units of the algebra A. 

The next theorem shows that each non-compact integro-differential operator has only finitely 
many linearly independent solutions in each (left or right) Ii-module of finite length. An analogous 
result is known for the Weyl algebra A\ [25] (for simple Ai-modules). Notice that each nonzero 
element of the Weyl algebra A\ is a non-compact operators, i.e., A\ n F = 0. 
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Theorem 3.1 (Strong Compact-Fredholm Alternative) For the algebra Ii the Strong Compact- 
Fredholm Alternative holds (for left and right simple Ii-modules); Ci t = F and J-j 1 = Ii\F. 
Moreover, 

1. Let a G Ei, i t M be a nonzero li-module of finite length and clm ■ M —¥ M, m i— > am. Then 

(a) dim^(ker(aM)) < °o iff dimj<-(coker(ajvf)) < 00 iff 0, F. 

(b) If, in addition, i t M is simple then dim^(im(aM)) < 00 iff a G F. 

2. Let a G Hi, be a nonzero right Ii-module of finite length and on ■ N — > N, n t— > na. 
Then 

(a) dinii<-(ker(aAr)) < 00 iff dim^ (coker(ajv)) < 00 iff a G" F. 

(b) If, in addition, N% t is simple then (iimjf (im(a]v)) < 00 iff a G F. 

Proof. 1(a). Using induction on the length of the module M and the Snake Lemma we see 
that statement 1(a) holds iff it does for each simple Ii-module. If a G F then, by Theorem 12.11 
for each simple Ii-module M, the kernel and the cokernel of the map om are infinite dimensional 
spaces. It remains to show that if a G" F then the kernel and the cokernel of the map am are finite 
dimensional spaces. First we consider the case when M = K[x]. The algebra Ij is a Z-graded 
algebra. The usual N-grading of the polynomial algebra K[x] = (B i>0 Kxi is also a Z-grading of 

the Ii-module K[x\. It determines the filtration K[x] = [J i>0 K[x]<i where lf[x]<j := (Bj = o Kx J ' . 

Clearly, when a = d l or a = p , the map clk[x] has finite dimensional kernel and cokernel. Using 
and ([5]), we may assume that all the polynomials a,, i > 0, in the decomposition ([5]) are 
equal to zero and ao ^ 0. Fix a natural number m such that all Ay = for all i,j > m and 
a (H) * x l = a(l + l)x l ^ for all I > m. Then 

aK[x]<i C K[a;]<i for all I > m, 

and the element a acts as a bijection on the factor space iiT[a;]/i ; C[a;]< m . This implies that the map 
a K[x] has finite dimensional kernel and cokernel. 

Suppose that M ^± K[x], i.e., M is a simple Si-module (Theorem 12. II (1)). The algebra B\ is 
an example of the generalized Weyl algebra (GWA) A — K[H](t, u) over the Dedekind domain 
K[H] where t(H) = H + 1 and u = 1. Statement 2 was established for the GWA A over an 
algebraically closed field and for simple A-modules (Theorem 4, Using the classification of 

simple Ii-modules (Theorem 12. ip and the classification of simple ^-modules in [3] (or [5]) we see 
that, for each simple -Bi-module M, the B\ (i4T)-module P>i(K)®b 1 M = K<S>k M has finite length 
(where K is the algebraic closure of the field K), and the result follows from Theorem 4, [4]. 

There is a more elementary way to show that the B\(K )-module K &>k M has finite length. 
For, notice that over an arbitrary field (i) the algebra B\ is a simple Noetherian domain of 
Gclfand-Kirillov dimension 2 which is an almost commutative algebra with respect to the standard 
filtration V associated with the generators d , 9" 1 and H (i.e., the associated graded algebra is 
a commutative finitely generated algebra); (ii) the Gelfand-Kirillov dimension of each simple Si- 
module is 1; (iii) every finitely generated Si-module of Gclfand-Kirillov dimension 1 has finite 
length which docs not exceed the multiplicity of the module (with respect to the filtration V) ; (iv) 
since the Gelfand-Kirillov dimension and the multiplicity are invariant under field extensions, by 
(ii) and (iii), the B\(K )-module K ®k M has finite length. 

1(b). (=£-) Each simple Ii-module M is infinite dimensional. So, if dimx(im(aji/)) < 00 then 
necessarily a G F, by statement 1(a). 

(<=) If a G F then, clearly, dim#-(im(aM )) < 00 for all simple Ii-modules M: this is obvious 
when M ~ i ± K[x] but if M j± ijC[x\ then a M = (Theorem O(l)). 

2. In view of the involution * on the algebra Ii, statement 2 follows from statement 1. □ 

Corollary 3.2 (Ci„)* = Cj n and (J^x)* = J\ lt i-e., the involution * preserves the compact and 
Fredholm elements of the algebra 1\ . 



10 



Proof. This follows from F* = F, C h = F and Ji, = h\F. □ 

Corollary 3.3 l n n C(K[x]) = = F . 

Proof. By the very definition, Ij C End^if [a;]). Since F C C(if[a;]) and (Ii\F) f| C(#[x]) = 
(by Theorem 13. the first equality follows. The second equality is obvious (Theorem 13. ip . □ 

The endomorphism algebras of simple Ii-modules are finite dimensional. The endo- 
morphism algebra EndA(M) of a simple module over an algebra A is a division algebra. 

Theorem 3.4 1. dim#- (End^ (M)) < oo for all simple li-modules M. 

2. Endi^X^]) ~ K. 

3. Endj^Bi/Bip) ~ K[H]/p for all p G Max(K[H]). 
Proof. 2. Endi^ATfx]) ~ End^ (Ii/Ii<9) ~ ker K[x] (<9) = X. 

3. Recall that the K[H]-modu\c Bi/Bip = Q) ieZ d l K[H]/p is the direct sum of simple pair- 
wise non-isomorphic K [H] -modules k\H\ (d l K [H]/p) ~ K [H]/t 1 (p). Therefore, Endi x (Bi/Bip) ~ 
ann Bl/BlP (p) = K[H]/p. 

1. By Theorem 12.11 and statements 2 and 3, it remains to show that the endomorphism 
algebra of the Ii -module M is finite dimensional in the case when M is K [H] -torsion free, i.e., 
M ~ B 1 /B 1 n Bib where the element b G Si is as in Theorem |2"TT1(4). Since Endi^M) ~ 
annAf(Si D Bib) C kerM(&) and b ^ F, the algebra End)[ 1 (M) is finite dimensional by Theorem 
0H(la). □ 

The Af-index and its properties. 

Definition. For each element a G and a (left or right) Ii-module M of finite length, we 

define the M-index of the element a, 



This follows from ^ . Therefore, the M-index indM : Ii \F — > Z is a monoid homomorphism. The 
next lemma shows that the M-index is invariant under addition of compact operator. 

Lemma 3.5 Let a G li\F and f G F. Then indjvf(^+/) = indji/(a) for all left or right Ii-modules 
M of finite length, i.e., J-j 1 + Cj 1 C J\ x . 

Proof. Note that d l f = for all i > 0, and d\ d l a F. Then, by (fl"0|) . 

ind M (<9 1 ) + ind M (a) = ind A /(<9 4 a) = ind M (<9 l (a + /)) = ind M (<9 1 ) + ind M (a + /), 

hence indM (a) = hid a/ (a + /). □ 

Let a be an automorphism of an algebra A and M be an A-module. The twisted A-module a M 
by the automorphism a coincides with M as a vector space but the A- module structure on °M is 
given by the rule a-m = o~(a)m for all elements a G A and m G M . For all elements a G Ii\-F\ an 
automorphism a G Autx-aig(Ii) and an Ii-module M of finite length (Theorem 13. II) . 



indM(a) := dim#- (ker(aA/ )) — dim#-(coker(aM))- 



The set l±\F is a multiplicative monoid. For all elements a, b G Ii\F, 



indM(ab) = indM (a) + indM(b)- 



(10) 



ind M (o-(a)) = md<, M (a). 



(11) 



If, in addition, jj r M ~ M for some automorphism a, then 

indj\/(f(a)) = indM (a) for all a G Ii\F. 



(12) 
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If j M q£ M then, in general, the equality (|12|) does not hold and this observation is a very effective 
tool in proving that two modules are non-isomorphic. 

Example. For each A G K* , the Ii-module V\ :— B\/B\(d — A) is simple: the K[H] -module 
homomorphism K[H] — > V\, a i— > a + B\(d — A), is obviously an epimorphism; therefore it is 
a K [F]-module isomorphism as each nonzero -Bi-module is infinite dimensional and each proper 
factor module of the K [F]-module K[H] is finite dimensional; then V\ is a simple Fi-module such 
that k[h]V\ — K[H\. For each A G K*, there is an automorphism t\ of the algebra Ii given by 
the rule 

t x (f) = X [, t x (d) = A _1 9, i A (#) = ff. 



Since t\(eij) — X l ~ieij, t\(F) — F, t\ induces the automorphism t\ of the factor algebra B\ = 
Ii/F by the rule t\(d) = \~ 1 d and t\(H) = H. Since t\t^ = t\^ for all A, /i £ K*, the algebraic 
torus T 1 := {t\ | A 6 F*} ~ K* is a subgroup of the groups Aut_K-_ a i g (Ii) and Aut_ff_ a i g (Fi). 
Clearly, V x ~ ^Vi for all A G F* (since i A -i(d - A) = X(d - 1)). The simple Ii-modules 
{V\ | A G if*} is the T^orbit of the module V\. We aim to show that 

ii — ii iff A = /i. (13) 

Without loss of generality we may assume that /i = 1. Then the result follows at once from the 
fact that 

md Vl (d-X) = { 1 = (14) 
I otherwise. 

Proof of jl4\ )- When we identify the Ii-module V\ with K[H] (as we did above), the action of the 
element d—X on V\ is identified with the action of the linear map t — A on K[H] where t(H) = H+l 
since 9-1 = 1. The map r — 1 is surjective with kernel F, then dimx(kery 1 (d — 1)) = 1. The map 
t — A (where A ^ 1) is an isomorphism, therefore indv^c* — A) = 0. □ 

Theorem 3.6 Let a G 1%, -a : Ii — » Ii, b i— > 6a, a- : Ii — ^ Ii, 6 i— » a5, and Zi x 6e iae length function 
on the set of (left or right) l\-modules. Then 

1. (a) Zi 1 (kcr(-a)) < oo iff k x (coker(-a)) < oo iff a £ F. 
(b) l h (im(-a)) < oo iff iff a G F. 

2. (a) iij (kcr(a-)) < oo i/f (coker(a-)) < oo iff a £ F. 
(b) l J:L (im(a-)) < oo iff iff a G F. 

Proof. 1(a). Applying the Snake Lemma to the commutative diagram of Ii-modules 



>- F Ii Bi 

■a -a -a 

>■ F Ii Bi ^ 



(where a :— a + F G B\) yields the long exact sequence of Ii-modules 

— > keiF (-a) — > keri^-a) — > ker^^-a) — > cokerp(-a) — >• cokeri^-a) — > cokers^-a) — » 0. (15) 

If a G F then l^ (ker^(-a)) = oo and k x (coker^ (-a)) = ^(Fi) = oo since a = 0. Therefore, 
Zj 1 (kerjj (-a)) = oo and Zi 1 (coker^ (-a)) = oo, by (|15[) . To finish the proof it suffices to show that 
Zn 1 (ker^ (-a)) < oo and ^(cokerj^-a)) < oo provided a F. By (fTSJ), it suffices to show that 
the Ii-modules kerp(-a), cokeri?(-a), ker^^-a) and cokere^-a) have finite length. Since o ^ 0, 
kers 1 (-a) = and h ± (coker^ (-a)) = Ib x (coker^ (-a)) < oo since the algebra Fi is a localization 
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of the Weyl algebra A\ for which the analogous property holds (i.e., Ia^Ai/ Aiu) < oo for all 
nonzero elements u £ A±). Notice that 

F = Ii^ooli = liE 00 E 00 li = Efq^Eo,N = Es,o ® ^o,N 

where i^n.o = hE 00 = ® i&i KE i0 ~ i^a;], -Boo 1, and (^o.n)ii = E ooh = iG n KE 0i — 
Kld]^, Eqq i — y 1 where ^[9]^ — Ii/ /li is a simple right Ii-module. By Theorem 13 . 1 1 ( 2 a) . the 
linear map clkm] '■ K[d] — > Kid], v t-> av, has finite dimensional kernel and cokernel since the 
module is simple. Since 

kerp(-a) = E N ^ <g> ker(ax[8]), coker F (-a) ~ En,o <8> coker(a,K[d])7 (16) 

and the Ii-module -En.o — K[x] is simple, we see that 

il 1 (kerj?(-a)) = dim^-(ker(a^^])) < oo, ii 1 (cokerj?(-a)) = dimif(coker(a^-[g])) < oo. (17) 

The proof of statement 1(a) is complete. 

1(b). (=>) Note that /(ijli) = oo. So, if Zi 1 (im(-a)) < oo then necessarily a £ F, by statement 
1(a). 

(<=) If a £ F then, clearly Zi 1 (im(-a)) < oo. 

2. Statement 2 follows from statement 1 by applying the involution * of the algebra Ii and 
using the equality F* = F. □ 

The left and right length indices. 

Definition. For each element a £ li\F, we define its left and right length index respectively as 
follows (by Theorem 13. 6|) 

l.ind(a) = Zi 1 (ker(-a)) — h x (coker(-a)), r.ind(a) = (ker(a-)) — h ± (coker(a-)). 

The set Ii\F is a multiplicative monoid. For all elements a, b £ Ii\F. 

l.ind(afe) = l.ind(a) + l.ind(fe), r.ind(a6) = r.ind(a) + r.ind(fo). (18) 

These equalities follow from ©. Therefore, the indices kind, r.ind : — > Z are monoid homo- 
morphisms. The next lemma show that the left and right indices are invariant under addition of 
compact operator. 

Lemma 3.7 Let a £ I\\F and f £ F. Then l.ind(et + /) = l.ind(a) and r.ind(a + /) = r.ind(a). 

Proof. Note that d l f = for all i > 0, and d\ d l a <jL F. Then, by (18]), 

l.ind(<9 ! ) + l.ind(a) = l.ind(<9 l a) = l.ind^a + /)) = l.ind^) + l.ind(a + /), 

hence l.ind(a) = l.ind(a + /). Replacing kind by rind in the argument above, the second equality 
follows. □ 

4 The algebra Hi is a coherent algebra 

In this section, we prove that the algebra Ii is a left and right coherent algebra fTheorem l4.4l) and 
that every finitely generated left (or right) ideal of the algebra Ii is generated by two elements 
(Theorem ET5]) . 

Let V be a vector space. A linear map ip : V — > V is called a locally nilpotent map if 
V = |Ji>i ker((/? 1 ), i.e., for each element v £ V, <p l v — for some i — i(v). 

Lemma 4.1 Let a,b £ Ii. Let a- and -b be the left and right multiplication maps in Ij by the 
elements a and b respectively. 
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1. There are short exact sequences of left l\-modules: 

(a) ->• kcr F (-fr) ->■ kcr ni (-b) -> kei Bl (-b) -> 0, 

— ► cokeri?(-6) — > cokerj 1 (-6) — > cokers^-fe) — ^ 0. 

2. There are long exact sequences of vector spaces: 

(a) -» ker korF (. b) (a-) ker kcrii( . b) (a-) -» ker kerBi ( . 6 ) (a-) -» coker kcl>( . b ) (a-) 
coker korii( . b) (a-) -> coker kcrBi( . b) (a-) -> 0, 



(&J ker cokcrF( . b) (a-) 



ker, 



cokcr^ (-6) v 



(a-) -4 ker cokcrsi( . b) (a-) coker cokorj! , ( . b) (a-) -» 



coker cokor]i( . b) (a-) -> coker cokorBi ( . b) (a 



0. 



Proof. 1. By (|15l) . we have the long exact sequence of left Ii-modules: 







kerp(-6) — >• kerij(-6) — > kers 1 (-6) — > cokerp(-6) — >■ cokern^-fe) — > cokers 1 (-&) 



0. 



The map 5 is equal to zero since the element d acts as an invertible linear map on kers 1 (-6) but 
its action on coker^ (•&) is a locally nilpotent map. So, the long exact sequence breaks down into 
two short exact sequences (as above). 

2. Applying the Snake Lemma to the commutative diagrams of short exact sequences of vector 
spaces 

>■ ker F (-£>) ker^ (-6) ^ ker Bl (-6) ^ 



s-ker F (-b) 

>■ cokerj?(-6) - 



*• ker^ (-6) - 
cokeri 1 (•&) 



• ker Bl (-6) 0, 

>■ cokersj (•&) s- 



0- 



• cokeri?(-6) »- coker^ (-6) s~ coker^ (-6) 



0. 



yields the long exact sequences of statement 2. □ 
Theorem 4.2 Let a eh- Then 

1. keri 1 (-a) and cokeri 1 (-a) are finitely generated left Ii-modules. 

2. keri 1 (a-) and cokerij (a-) are finitely generated right Ii-modules. 

Proof. An algebra Ii is self-dual, so it suffices to prove only statement 1. If a $ F then 
statement 1 follows from Theorem 13. 61 ( la). We may assume that a E F and o / 0. By Lemma 
14.11 (1). there are short exact sequences of left Ii-modules 

— > kerp(-a) — > kern 1 (-a) — 5- B\ — > and — > cokerp(-a) — > cokeri 1 (-a) — > B\ —> 0. 

Fix elements u £ keri 1 (-a) and v € cokeri^-a) that are mapped to 1 £ B\ by the second maps in 
the short exact sequences. Then u = 1 + / for some element f € F and v = 1 + g + Iia for some 
element g £ F. Since Ii it C keri^-a) and ^(Ii/Iiu) = Zi 1 (cokeri 1 (-u)) < oo (Theorem 13.61 (2a) as 
u F), we see that ij 1 (keri 1 (-a)/Iiu) < oo, this means that the left Ii-module kerj 1 (-a) is finitely 
generated. Similarly, since lit? C cokerj 1 (-a) and Zi 1 (Ii/Ii(l + gj) = k ± (coker^ (-(1 + g))) < oo 
(Theorem 13.61 (2a) as 1 + g $ F), we see that 

^(cokeri^-aj/liw) = %(Ii/(Ii(l +g)+ha)) < hMhO- + <?)) < oo. 

This means that the left Ii-module cokeri 1 (-a) is finitely generated. □ 
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Theorem 4.3 The intersection of finitely many finitely generated left (resp. right) ideals of the 
algebra 1\ is again a finitely generated left (resp. right) ideal ofI\. 

Proof. Since the algebra Ii is self-dual it suffices to prove the statement for, say, left ideals, and 
only for two of them. Let / and J be finitely generated left ideals of the algebra I4 . If one of them, 
say /, belongs to the ideal F then necessarily the left ideal / is a finitely generated semi-simple 
left Ii-module, hence so is the intersection I f] J . In particular, / n J is finitely generated. 

We assume that neither / nor J belongs to F. Then their images / and J under the ring 
epimorphism Ij — > \/F = B\ are nonzero left ideals of the ring E>\ = A\_ x which is the localization 
of the Weyl algebra A\ at the powers of the element x. Then IC\ J ^ (since KlAi ^ 0, JCiAi ^ 0, 
and the intersection of two nonzero left ideals in A\ is a nonzero left ideal). Take an element a G Ii 
such that 0/a + Fe/nI Then a F and l x a C J n J. Since k x (h/ha) < 00 (by Theorem 
13.61 1(a)). the ideal / n J ^ is finitely generated. □ 

A finitely generated module is a coherent module if every finitely generated submodule is finitely 
presented. A ring R is a left (resp. right) coherent ring if the module rR (resp. Rr) is coherent. 
A ring R is a left coherent ring iff, for each element r G R, ker^-r) is a finitely generated left 
R-module and the intersection of two finitely generated left ideals is finitely generated, Proposition 
13.3, 27]. Each left Noetherian ring is left coherent but not vice versa. 

Theorem 4.4 The algebra 1\ is a left and right coherent algebra. 

Proof. The theorem follows from Theorem 14. 2 [ Theorem 14. 31 and Proposition 13.3, [27]. □ 

Theorem 4.5 1. Every finitely generated left (resp. right) ideal of the algebra 1\ is generated 
by two elements. 

2. Let I be a left (resp. right) ideal of\\. Then 

(a) If I % F then the left (resp. right) ideal I is generated by two elements. 

(b) If I C F and I is a finitely generated left (resp. right) ideal then I is generated by a 
single element. 

Proof. The algebra I\ is self-dual, so it suffices to prove the statements for left ideals. 
1. Statement 1 follows from statement 2. 

2(a). Since / % F, we can fix an element a S I\F. By Theorem 13.61 1 fa), the factor module 
I /l\a has finite length, and so is cyclic, by Proposition 14.61 Therefore, i ± I is generated by two 
elements. 

2(b). i x F = (B igN Iieoi is the direct sum of simple isomorphic Ii-modules Iieoi = (Bj £ n K&ji- 
Then / ~ ©* =0 Iieoi =: /' for some s. Clearly, I' = I18 where 9 — e o + en + • • • + e ss since 
d s 6 — cq s and so Iieos G Ii^ and Ii^ = Ii(eoo + en + • • • + e s _i. s _i) + Iieo s . Using a similar 
argument we see that 

s 

Ii0 = Ii(e 00 + en H h e s - 2 , s -2) +Iie , s _i + Iie 0s = • • • = ^Iie j = I'. □ 

i=l 

Proposition 4.6 Every left or right \\-module of finite length is cyclic (i.e., generated by a single 
element). 

Proof. The algebra Ii is self-dual, so it suffices to show that every left Ii-module of finite length 
M is cyclic. We use induction on the length I = lj 1 (M) of the module M . The case Z = 1 is trivial. 
So, let Z > 1, and we assume that the statement holds for all V < I. Fix a simple submodule 
U = Iiu ~ Ii/a of M where u G M and a = ann [/ (u). Let V := M/U. Then h^V) = 1-1, 
and, by induction, the Ii-module V = liv ~ Ii/b is cyclic where v G V and b = armv(v). Fix an 
element v G M such that v = v + U. Let c = oflb. Then Z (i 1 (Ii/c)) < 00 since Ii/c can be seen as 
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a submodule of the finite length Ii-module li/a01i/b. Then c ^ since ^(Ii) = oo. Moreover, 
c % F since ^(Ii/F) = Ib x (B\) — oo. We claim that there exists an element a G Ii such that 
cau ^ 0. Suppose not, i.e., clif = 0, we seek a contradiction. Then cli = F or Ii since F and Ii 
are the only nonzero ideals of the algebra Ii, [T2]. The first case is not possible since c % F. The 
second case is not possible since w^O. This finishes the proof of the claim. Fix c £ c and a G Ij 
such that caw ^ 0. Then the element «; = au + 1> is a generator for the Ii-module M. Indeed, 
cw = cau ^ 0. Then, U = \\cau C Iiw, and so u £ Iiu>. Therefore, M = Iiiu. □ 



5 Centralizers 

The centralizers of non-scalar elements of the Weyl algebra A\ share many pleasant properties. Re- 
call Amitsur's well-known theorem on the centralizer [I] which states that the centralizer Cen^ (a) 
of any non-scalar element a of the Weyl algebra A\ is a commutative algebra and a free i4T[a]-modulc 
of finite rank (see also Burchnall and Chaundy QI5]). I R particular, the centralizer Cen^^a) is a 
commutative finitely generated (hence Noetherian) algebra. It turns out that this result also holds 
for certain generalized Weyl algebra g], [5], [5], QUI and some (quantum) algebras see [T5], [2"U] . 
[2"2] , [TB] , [5J , [21] , [13] . Proposition 15.11 shows that the situation is completely different for the 
algebra Ii. Theorem 15 . 71 presents in great detail the structure of the centralizers of the non-scalar 
elements of the algebra Ii, and Corollarv l5 . 8l answers the questions of when the centralizer Cen^ (a) 
is a finitely generated i"C[a]-module where a £ Ii, or is a finitely generated Noetherian algebra. 
Corollary 15.91 classifies the non-scalar elements of the algebra Ii such that their centralizers are 
finitely generated algebras. The next proposition will be used in the proof of Theorem 15.71 

For an element a £ li, let Cenij (a) := {b 6 Ii | ab — ba} be its centralizer in Ii and Cenp(a) := 
FnCeni^a). 

Proposition 5.1 1. Let a e K[H]\K . Then Cen Il (a) = D 1 C a C* where the vector 
spaceC a ■— j>o{Kei + jj \ j + 1 is a root of the polynomial r % (a) — a} , and Cen^ (a)* = 
Cen^ (a) . In general, the centralizer Cen^ (a) is a noncommutative, not left and not right 
Noetherian, not finitely generated algebra which is not a domain as the following example 
shows: Ceni 1 ((_ff — 3/2) 2 ) = L>i Jfeio -ftTeoi; but Ceni 1 (7J fe ) = D\ is a commutative, 
not Noetherian, not finitely generated algebra which is not a domain for all k > 1; and 
Cen h (H - 3/2) = D x ± Genj^H - 3/2) 2 ). 

2. Let a eh. Then dim K (Cen F (a)) < oo iff a K[H] + F. 

3. Cent (9*) = K[d] and Cenj^f) = K[J] for all i > 1. 
4- Cenj^a; 1 ) = K[x] for all i > 1. 

Proof. 1. Recall that B\ = 1\/F. Notice that Cens 1 (a) = K[H]. This follows from the fact 
that the algebra of r l -invariants K[H] T := {/3 €E K[H] |, t 1 ((3) = (3} is equal to K for all integers 
/ i 6 Z. Since a* = a, Ceni^a)* = Cen^a:). The element a e D\ is a homogeneous element 
of the Z-graded algebra Ii. Therefore, its centralizer is a homogeneous subalgebra of Ii. Since 
K[H] C D 1 C Cenj^a) and Cen Bl (a) = K[H], we see that Cen^a) = f i©©^^,®^) 
where Cj := Fx,i nCenjj (a) and := J>O Ke^jj. Each direct summand Kej+jj of the vector 
space Fx t i is a Di-bimodule and a G Z?i, hence C, = J2i^ e i+j-j I ae i+j.j — e i+j.j a }- The equality 
in the brackets is equivalent to the equality a(i + j + 1) = a(j + 1), i.e., (T l (a) — a)(j + 1) = 0, 
i.e., j + 1 is a root of the polynomial r l (a) — a. Therefore, Ceni 1 (o;) = Di©C a ©C*. If 
a = H k then (r^fl"*) - F fc )(j + 1) = (i + j + l) k - (j + l) k > 0, and so Cen^F*) = D x is a 
commutative, not Noetherian, not finitely generated algebra which is not a domain. If a = (H— |) 2 
then = (t 1 (o) — a)(j + 1) = i(2j + i — 1), and so C a = Ke\Q. The centralizer Cenn^a) 
is a noncommutative algebra (since Heig = 2e 10 ^ e 10 = eigH) and is not a domain (since 
e io = 0)- The factor algebra T> := Di/(Ke m + Ken) is a commutative, not Noetherian, not 
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finitely generated algebra. Since the algebra T> is the factor algebra algebra of the algebra Cen^ (a) 
modulo the ideal i ._ Keij, the algebra Ceni^a) is not a finitely generated algebra which is 
neither left nor right Noetherian. If a = H — 3/2 then the equation = (t 1 (o.) — a)(j + 1) = i 
has no solution since i > 1. Therefore, Cenj^ff — 3/2) = D\ ^ Ceni 1 ((ff — 3/2) 2 ). Notice that, 
for the Weyl algebra A\, Cen J 4 1 (p(a)) = Cen^a) for all elements a G A\ and p(t) G K[t], [20] . 

2. Suppose that a G ^ [-H] + F, i.e., a = a + X)"j=o ^u e «i f° r some n where a G an d 
Xij G if. Then dim/f (Cenp'(a)) = oo since 0™ n ,j ife^ G Cenp(a). It remains to show that if 

a g K[H] +F then dim K (Cen F (a)) < oo. By (0, a = Y^i= m a i v i + a F where a-F ■= Z)i,j=o ^' e « 
for some elements dj G if [ii], s„ / 0, a m ^ 0, and Ay G if. Fix a natural number, say N, such 
that N > I, Ke s+rit t 9 a n (H)v n ■ e st = a n (s + n + l)e s+n , t ^ and ife M _ m 3 e ts ■ a m (H)v nl = 
a m (s + l)et, s ~m 7^ for all s > N and t G N. 

Claim 1. If to < t/ie?7 Ceni?(a) C ©^Jq 1 where E^j := (J) ieN ifey. 

Suppose that this is not the case then there exists an element c = ^2 Cij^ij where cy G K such 
that t :— max{j | cy ^ for some i G N} > N, we seek a contradiction. Fix an element s G N 
such that c st ^ 0. Then ce t+ \ m \. t+ \ m \ = and OFe t+ | m | !i+ | m | = 0, and so 

= e ss ■ ■ e t+ | m | jt+ | m | = e ss [c, a]et+\ m \j+\m,\ — ^ssCO>^t+\m\,t+\m\ ~ e ss&C6t+\m\,t+\m\ 
n 

— (y ] c s je s j) ■ ] diVi) ■ et+\m\,t+\m\ — c st(e s ta m 7j m )e t+ | m | jt+ | m | = c st a m (t + l)e s t+ | m | 

i—m 

* o, 

since e s ta m v m = a m (t + l)e s , t+ |,„ ^ 0, by the choice of N, where a m (t + 1) is the value of the 
polynomial a m (H) at H = t + 1. This contradiction, 0^0, finishes the proof of Claim 1. By 
applying the involution * of the algebra Ii to Claim 1 we obtain the following statement. 

Claim 2. If n > then Cenp(a) G © i=0 where E^ := © jeN A'ey . 

If m < and 77 > then, by Claims 1 and 2, 

N-l N-l N-l 

Cen F (a) C (0 ^-)f|(® ^,n) = ® tfey, 

and so dimR- (Cenp(a)) < oo. 

In view of the involution * of the algebra Ii , to finish the proof of statement 2 it suffices to 
consider the case where m < and m < n < 0. By Claim 1, Cen^(a) C V := ©^q 1 E^j. 
Suppose that dim^- (Cen^(a)) = oo (we seek a contradiction). Fix a natural number M such 
that M > N + \m\. The subspace U := ©^>m ^ e ij °f V nas finite codimension, i.e., 

Am\K{V /U) < oo. Therefore, I := CenF(a)PiU ^ since dim^ (CenF(a)) = oo. Choose a nonzero 
element, say u — s £li u i3 e ij (where Tty G K), of the intersection /. Let p :— minji G N | ity =/= 
for some j G N}. Then p > M, by the choice of the element u. Fix an element q G N such that 
Ttpg ^ 0. Then e p ^\ m \_ p ^\ m \aF = (since p — | ttt. | > M — \m\ > N + \m\ — \m\ — N > I) and 
e p-\m\,p~\m\ u — (by the choice of p and since m < 0), and so 

&p— \m\,p~ \rn\ ' ' e qq — &p— \m\ ,p— \rn\ Tije^g — &p— |m| ,p— \rn\ au ^qq ^■p^\m\,p~\in\^ t '^qq 

n 

e p— \m\,p— \m\ ' ( ^ ] a j v j) ' Cy \ u iq£iq) — ( e p— |m| ,p— |m| a m v m) ' Upqtpq 
j—m i>P 

= a m (p - \m\ + l)u pg e p _| m | ! q ^ 0, 

since e p _| m | iP _| m |a m 7j m ^ 0, by the choice of N, and p — |m| > M — |tt7| > N + \m\ — \m\ = N. 
The contradiction, 0^0, proves statement 2. 

3. Let us prove the first equality then the second one becomes obvious: 

Ce nil ( J') = Cem.ddT) = (Cenj^))* = K[d\* =K[j). 
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Notice that Cen F (<9 1 ) = 0, K[d] C C := Cen^d 1 ) and Cen Bl (<9 4 ) = K[d,d-\ and therefore 
C n (F + K[d]) = K[d] and C C F + K[d] + K[J}. To finish the proof it suffices to show that 
C C F+K[d]. If C ^ F+F[9] then there exists an element c — J +f for some element f E F (this 
follows from the fact that d l f = 1 and if [9] C C), we seek a contradiction. Necessarily, / ^ 
as / g C. Then 9c = 1 + df G C n (F + if [9]) = if [9], and so 9/ = 0, i.e., / = ^i>o Voj where 
Xj E if and not all Aj are equal to zero. Similarly, cd = 1 — eoo + fd E Cfl (F + if [d]) = K[d], 
and so eoo = fd = J2j>o X 3 e o,j+ij a contradiction. Then, C = K[d]. 

4. Notice that CeuF(x l ) = 0, K[x] C C := Cem^a;*) and Cen Bl (a; 1 )] = if [x]. The last equality 
implies that C C F + if [x], then the first two give the result: C — Cenp(x t ) + if [x] = if [x\. □ 

The following trivial lemma is a reason why the centralizers of elements may share 'exotic' 
properties. 

Lemma 5.2 Let r be an element of a ring R and a := banner ) n r.ann^(r). Then aRa C 
Cen fi (r). 

The ideal F = i jeN ifeij = ij - 6N ifFy ~ Moo(if) of the algebra Ii admits the trace 
(linear) map 

tr : F -> K, ^ ^ij e v = X! ^i E v ^ X! ^" = X! 
since F^ = jj e ii- Clearly, for all elements a G if [-£?], 

tr([a9 i ,F])=tr([a / ,F])=tr([F,F]) = 0, i > 0, (19) 

since [a(H)v l ,e st ] = a(i + s + l)e i+S)i - a(t + l)e s ,t-i where [a, F] := {[a, /] := af - fa \ f G F} 
for an element a G Ii , and [F, F] is the linear subspace of F generated by all the commutators 
[f,g] where /,.g G F. Therefore, by © and (p]). 

tr([I 1 ,F]) = 0, (20) 

where [Ii, F] is the subspace of F generated by all the commutators [a, /] where a G Ii and / G F. 

Lemma 5.3 For all positive integers i and j , and for all elements f,g € F, [9* + /, J 3 +g] =/= 0. 

Proof. Suppose that [& + /, f +g] = 0, we seek a contradiction. Then [(9 l + /) J , {J j +gf] = 0, 
so we may assume that i = j since {d l + /p = a*J + /' and (J J + 3 ) 4 = j y +g' for some elements 
/',<?' G F. Then the equality [d l + /, f l +g] = implies the equalities (see ©) 

e 00 + e 11 + --- + e i ^ 1 = [d i ,f } = -[d\g] - [/, / ] - [/,(?]. 

Applying the trace map and using (|19l) we get a contradiction, i = 0. □ 

The algebra Fi is a subalgebra of the algebra Si = K(H)[d, c*" 1 ; r] which is the (two-sided) 
localization of the algebra B\ at the (left and right) denominator set F[F]\{0}. A polynomial 
/ = A„F™ + An-iF™ -1 + • • • + Ao G if [ii] of degree n is called a monic polynomial if the leading 
coefficient A„ of / is 1. A rational function h G K(H) is called a monic rational function if 
h = f/g for some monic polynomials /, g. A homogeneous element u = ad 1 of B\ is called monic 
iff a is a monic rational function. We can extend in the obvious way the concept of the degree 
of a polynomial to the field of rational functions by setting, deg H (/i) = deg H (f) — deg H (g), for 
h = f/g G if(iJ). If h%,h 2 G if (If) then deg H (fti/i 2 ) = deg ff (/ii)+deg#(/i 2 ), and deg ff (h 1 +h 2 ) < 
max{deg i L f (/ii), deg H (^2)}- We denote by sign(n) and by \n\ the sign and the absolute value of 
n G Z\{0}, respectively. 
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Proposition 5.4 (Proposition 2.1, [5]) 

1. Letu = ad n be a monic element ofB\ withn G Z\{0}. The centralizer Cengj (u) = K[v,v~ l ] 
is a Laurent polynomial ring in a uniquely defined variable v = /3,9 sl s n ( n ) s where s is the least 
positive divisor of n for which there exists a monic element /3 = ft, G K(H), (necessarily 
unique) such that 

I3T S {I3)T 2S {I3)---T {n/S - I)s (l3) = a, ifn>0, 
Pt- s (0)t- 2s {/3)---t-^/ s -^ s (0) = a, ifn<0. 

2. LetuE K(H)\K. Then Ccn Bl (u) = K(H). 

The algebra Bi = K[H][d, d' 1 ; r] = ieZ if is a Z-graded algebra where K[H]d l is the 
z'th graded component. Each nonzero element b G -Bi is a unique finite sum 6 = ^ftd 1 where 
ft G if [if]. Let 

ir' + (b) := max{i G Z | ft ^ 0} and Tr'_(b) := min{i G Z | ft ^ 0} (21) 

For all elements a, b E i?i\{0} and a G if[ii]\{0}, 7r±(a6) = 7Tj_(a) + 7i±(b) and 7r±(aa) = 7i±(a). 
The element /3 n d n where n = ir' + {a) is called the leading term of the element b, and the element 
/3 m 9 m where m = 7r^_(a) is called the least term of b. 

Corollary 5.5 1. Let b G B\\K . Suppose that n — i^' + {b) > and 31,52 G Cen^^) 6e smc/i 
iftai m = 7r^(<7i) = ^((72)- £ei ft<9 m and ft>3 m 6e </ie leading terms of the elements gi and 
gi respectively where ft, ft; G K[H\. Then Kf3\ = if ft. 

2. Let b = ad n where a E K[H]\K and n G Z\{0}. TTien Cen^ftfr) D -Bi^signfn) = if where 
B h - := if [H}^- 1 -^- 1 } C Si and £ 1>+ := if[i?][S;r] C B x . 

Proof. 1. Let ft9 n be the leading term of the element &. The elements 6 and 31 (respectively, 6 
and 32) commute then so do their leading terms. Then the result follows from Proposition 15.41 (1) 
since Cen Bl (ft9") C Cen Bl (ft9™). 

2. Without loss of generality we may assume that a is a monic since Cene^Afr) = Censftfr) 
for all A G if*. In view of the (±)-symmetry we may assume that n > 0. By Proposition 15.41 
Cen^ (6) = if[v,v _1 ] for some element v = ft9 s where s > 0, s\n, (3 G K(H), and = (ft9 s )^ = 
ftr s (ft) • • • T^ s -^ s ((3)d n = ad n = b. Clearly, 

n/s—1 n/s — 1 n/s—1 

l<deg H (a)=deg H ( J[ r^(ft) = £ deg H (r^(ft) = ]T deg H (ft = £ deg ff (ft, 

3=0 j=0 j=0 

and so deg^(ft) > 0. Clearly, Cen Bl (6) n S x _ C Cen Bl (6) nBi _ C ifJti-^nBi = lGN (ifi>~ 4 n 
Si). For all integers i > 1, 

tT 4 = (a-^- 1 ) 1 =9- Si /3- 1 r s (/3- 1 )---r ;i ^ 1 )(^- 1 ) gflj 

siacedeg H ( y 8- 1 T 8 ( J 9- 1 )---r a ( < - 1 )( J 8- 1 )) = sdeg^/?- 1 ) = -sdeg H (ft) < 0. Therefore, Cen Bl (b)n 
B x _ = K. □ 

For each element a G Ii\i<\ at least one of the elements frj G K[H] in is nonzero. Let 

7r + (a) := max{i G Z| 6 4 ^ 0}, 7r_(a) := min{i G Z | b t ^ 0}. (22) 

For the element a G IiX-F, the summands l+(a) := b m v m and /-(a) := 6 n u„ where m := 7r + (a) 
and n := 7r_(a) are called the largest and Zeasf terms of a modulo F respectively. It is a useful 
observation that if [a, b] =0 then 

[l + (a),l + (b)],[l.(a)J.(b)]GF. (23) 
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For an algebra A, the subspace [A, A] of A generated by all the commutators [a, b] := ab — ba where 
a, b G A is called the commutant of the algebra A. By {7}, Ii = ieZ K[H]vi S tgN Ke S (. Let 

£ : Ii -> Ii (24) 

be the projection onto the direct summand Ken of Ii. 

We identify each linear map b € Ii C End^ (if[x]) with its N x N matrix with respect to 
the X-basis {x^ := fr | s 6 N} of the vector space K[x]. For each natural number d G N, let 
e<2 := eoo+ e n + ' • "\-&dd and := 1— e<j- Then 1 = e^+e^ is the sum of two orthogonal idempotents 
in the algebra Ii C YinA K {K[x]). Therefore, K[x] = im K[x] (e d ) @im K[x] (e' d ) = K[x]< d K[x] >d 
and, for each element b G Ii, 



hi bi2 

&21 &22 



, ^11 = erffoed, &12 := &dbe d , b 2 i = e' d be dl b 2 i := e^6e' d . (25) 



Notice that b n G F< d := 0','' , l: . K< , ,. 612 G i=Q i>d ifey, 6 2 i G 0i><j ©j=o e y and 
&22 G 0^ j >d Kdj. For each natural number d G N, consider the algebra e^Iie' d C where e' d is 

its identity element. For each element b G e^Iie^, the presentation (|25|) has the form b = ( ^ 

The algebras e! d \e' d will appear in Theorem 15.71 (3) as a large part of the centralizer Cen^a) for 
some elements a G \ ■ The properties of the centralizer Cen^ (a) of being a finitely generated 
algebra or a (left or right) Noetherian algebra largely depend on similar properties of the algebras 
e' d I\e' d . Let us prove some results on the algebras e' d lie' d that will be used in the proof of Theorem 
15.71 We can easily verify that 

e' d d*e> d = e> d d\ e' d f e' d = f e' d , ieN. (26) 



The map Ii — > e' d Ixe' d , a 1— > e' d ae' d , is not an algebra homomorphism and neither an injective 
map as e d eooe' d = 0; but its restriction to the subalgebra D\ yields the -ftf-algebra epimorphism 
D\ — > e' d Die' d , a h-> e' d ae' d , with kernel 0f =o ^ e "- Notice that e' d Die' d = e' d Di = D\e' d is a 
commutative non-Noetherian algebra as i>d Ken is the direct sum of nonzero ideals Ken of the 
algebra D hd := e' d D x = K[e' d H]® ® l>d Ke vl - 

Lemma 5.6 Let d G N. Then 

1. The algebra e' d \\e' d is a finitely generated algebra which is neither left nor right Noetherian 
algebra, and (e^Iie^)* = e d lie d . Moreover, the algebra e' d \\e' d is generated by the elements 
e' d d, J e' d , e' d H and ed+i 4+1! and it contains infinite direct sums of nonzero left and right 
ideals. 

2. The algebra e' d lie' d is a "L-graded algebra which is a homogeneous subring of the Z-graded 
algebra Ii : 



i>l i>l 

where D\ d := e' d D\. 

3. Let a G K[H]\K. Then Cen e / Iie ' (e' d a) = ejGeni 1 (a)eJ ! = Di id C a ,d C* d where 
G aid := 0j>i j> d {Kei+jj \j-\-\isa root of the polynomial T l (a) — a}. 

Proof. 2. The element e' d G D\ is a homogeneous element of the Z-graded algebra Ii of graded 
degree 0. Therefore, the algebra d d \\e' d is a homogeneous subring of the algebra Ii, and, by ((4]) 
and (US}, 

e'M'd = e ' d (E D ^ +^+Ef D ^ e 'd = E D ^ di + D ^ + E f D ^ 
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and statement 2 follows. 

1. By dig), (e' d dY = e' d d l and (/ e' d Y = e' d for all t > 1. For all i,j > d, 



/i — d—l pi—d—X p 

ai—d—1 / / ' ai—d—1 i { I \i—d—l i I a\ 

e d +i, d +id = / e d e d+1 . d+1 e d d = ( / e d ) e d+1 . d+1 {e d d) 

Therefore, by statement 2, the algebra e' d Iie' d is generated by the elements e' d d, J e' d , e' d H and 
e d +i,d+i- Since (e' d )* = e' d , we have (e' d Iie' d )* = e d Iie' d . The sum ® j>d E >d ,j where E >dJ := 
® i>d Keij (resp. (§) i>d Ei t>d where Ei >d := ©,•>,$ -Key) is an infinite direct sum of nonzero 
left ideals E >d j (resp. right ideals E iy>d ) of the algebra e' d I\e' d . Therefore, the algebra e' d I\e' d is 
neither left nor right Noetherian. 

3. Since the elements e' d and a commute we have the inclusion C :— Cen e 'i ie i (e d a) 2 
e^Ceni! {a)e' d . By Proposition 15.11 (1). e^Cen^ (a)e^ = D i >a C a>d C* d . The element e' d a G 
D\^ d is a homogeneous element of the Z-graded algebra e' d J\e' d . Since ir(e' d a) — a where ir : Ei — > 
Ii/F = Si, a i— > a + F, we see that 7r(Cen e 'i ie < (e' d a)) C Ceng^a) = ^[-ff] (see the proof of 
Proposition EU (I))- Since e^[fl] C D 1>d C C" and Cen Bl (a) = = Tr^fe^ff]), we see that 

C" = D 1)d C* d , and so C = e' d Ce nil (e' d a)e' d . □ 

Let if [t] be a polynomial algebra in a variable t over the field K and if(t) be its field of 
fractions. Let M be a K [t] -module. Then tor K[t] (M) := {m 6 M \ pm = for some p G i*T[t]\{0}} 
is the K[t]-torsion submodule of M, it is the sum of all finite dimensional K [i]-submodules of M. 
The rank of the K [t] -submodule M is dimx(t)(K(t) ®K[t] M). For each non-scalar element of the 
algebra Ii, the following theorem describes its centralizcr. 

Theorem 5.7 1. Let a G 1{\(K[H] + F). Then 

(a) The centralizer Cen^ (a) is a finitely generated K[a]-module of finite rank p > 1. In 
particular, Cen^ (a) is a finitely generated, left and right Noetherian algebra. 

(b) Moreover, there is a K[a]-module isomorphism 

Ceni^a) ~ K[a] p Cen F (a), 

and if —n = 7r_(a) < (respectively, m = 7r + (a) > OJ then p divides n (respectively, 
m). 

(c) [Cenjj (a), Cenij (a)] C Cen F (a), dim/<-(Cen F (a)) < oo, andCenp(a) — to? K[a] (Ceni 1 (a)). 

2. Let a G {K[H] + F)\(K + F), i.e., a = a + f for some polynomial a G K[H]\K and f G F, 
d := deg F (a). Then 

(a) The centralizer Ceni 1 (a) is not a finitely generated K[a]-module but has finite rank 
p := deg H (a) (as a K[a]-module). 

(b) Cem 1 (a) is not a finitely generated algebra and neither a left nor right Noetherian 
algebra. Moreover, it contains infinite direct sums of nonzero left and right ideals. 

(c) There is a K[a]-module isomorphism 

Ce nil (a) ~ iT[<0Ccn F (a). 

(d) Ceni^a) = e^[ff]©Cen F (a) and 

Cenp(a) = ^Kejj © C a , d © C* <d © Cen F < d (au) © 
j>d 



I a\i— d— 1 



0ker Wo ((an - a(j + l))-)e 0j J © e l0 ker Vo (-(aii - a(i + 1))) 
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is an infinite direct sum of K[a]-modules where an := y\_ Q ot(i + l)ea + f, F<d := 
(Bi,j=o Ke ij> K := i=o Ke i0 , V := 0^ =o Ke oj andC a , d := 0, , d { Ke i-\ ,,, | j+1 
is a root o/ i/ie polynomial r l (a) — a}. 

fej [Cenij (a), Cenij (a)] C Cen^ (a), diniR-(Cenj?(a)) = oo, Ceni?(a) = tor^[ Q ](Ceni 1 (a)). 

5. Let a G (A + F^A", i.e., a = X + f for some elements A G K and f = J2i j=o ^ij e ij e 
where d := deg F (f); let e d — eoo + • ■ • + Cdd and e' d = 1 — e d - Then 

(a) The centralizer Cenij (a) is a finitely generated algebra which is neither a left nor right 
Noetherian algebra. Moreover, it contains infinite direct sums of nonzero left and right 
ideals. In particular, Cenj 1 (a) is not a finitely generated K[a]-module. 

(b) Cenij (a) = Ccn F ^ d (/) © j>d /Ce 0j © l>d e l0 /C' © e' d Iie' d w/iere /C := ker ffi ci =oXe . (/•) 
and /C' := ker ffi d =(jJi - e(y (•/). 

(cj [Ceni^a), Ceni^a)] g Cen F (a), drniR- (Cen^a)) = oo, tor K -[ ](Ceni 1 (o)) = Cen^a) ^ 
Cenp(a). 

Proof. 1. Since a ^ A'f/f] + F then either — n := 7T_(a) < or m := ir + (a) > (or both). In 
view of (±)-symmetry, let us assume that — n := 7T_(a) < 0, i.e., a = ad n + ■ ■ ■ where ad n is the 
least term of the element a modulo F and a G K[H]\{0}. Let C := Ceni 1 (a). We claim that 

Cr\h,+ CF (27) 

where := t>1 K[H] f F. If a G K[H]\K this follows from (@3J and Corollary 0(2). If 
a G A\{0} then we may assume that a = 1, by multiplying the element a by a -1 . Suppose that 
the inclusion (|27l) fails, and so there is an element c G Cnli.+ with I := 7r_(c) > 1. Let (3 J 1 be the 
least term of the element c modulo F where (3 G K[H]\{0}. Since Cen^ (77(a) = d n ) = A[<9, d -1 ], 
we must have f3 G A"*. Without loss of generality we may assume that fj = 1 (by dividing c by 
j3) . According to (JTJ) , the elements a and c can be uniquely written as the sums a = d n + a' + f 
and c = J +c' + g where /, g G F, a 1 is the sum ^i v i m tne decomposition ([7]) without the 
least term d n , and similarly d is defined. Replacing a and c by a 1 and c" respectively we may 
assume that n = I in the presentations above, i.e., a = d n + a' + f and c = /" +c' + g. Notice that 
£([<9",c']) = £([a',/™]) = £([a',c']) = as the elements in the brackets are sums of homogeneous 
elements of the Z-graded algebra Ii of positive graded degrees. Clearly, tr o = tr. By (|20p. 
tr o £([F, Ii]) = tr([F, Ii]) = 0. Now, applying the map tr o £ to the equality 

pTl pTl pTl 

= [a,c] = [d n > I } + [a',J ] + [/,/ } + [d n 1 c'} + [a\c'} + {f,c'} + {a,g} 

we get a contradiction: 

= tr o y ]) = tr o £(e o + en + h e„_i,„_i) = ra. 

Therefore, (|2"T|) holds. The set C\Cp is a multiplicative monoid where Cf := Ceni?(a). We 
denote by n the composition of the two monoid homomorphisms 7r_ : C\Cf — > — N (see (|27l) ~) and 
Z — > Z/nZ, and so k is a monoid homomorphism (n(uv) = n(u) + k(v) and /c(l) = 0). Therefore, 
its image G := im(/c) is a cyclic subgroup of order, say p, and p|n. Let G = {mi = 0, mi, . . . , m p }. 
Then for each element m, we choose an element gi G C so that K^ffi) = and the number 
K-(gi) G — N is the largest possible integer. We may choose g\ = 1, by (|2"T|). Let us show that the 
A>]-submodule M := J^Li K H9x of C is free, i.e., M = 0f =1 ^[a]^, and C = M0C F . 

Suppose that tpigi + ••• + <y3 p g P G F for some elements ^ G K[a\, not all of which are 
equal to zero, we seek a contradiction. Then there exist nonzero terms ifigi and (fjgj such that 
■n~{(pigi) = Tr-(ipjgj), and so K-(gi) — K(gj). This contradicts to the choice of the elements 
gx, . . . ,g p . Therefore, M — 0f =1 K[a]gi and M Pi Cf — 0. To finish the proof the claim it remains 
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to show that C — M + Cf- Choose an arbitrary nonzero element g G C. If 7r_(g) = then, 
by Corollary 1531(1) and (|2"Tj). g G if + C F = Kg ± + C F - If K-(g) — k < then there exists gi 
such that n{g) = n(gi), and so k = it-(a s gi) for some natural number s G N (by the choice of 
the elements gi, ■ ■ ■ ,g P )- By Corollary 15. 51 (1). there exists A £ if such that 7r_(g — \a s gi) > k. 
Using induction on \k\ or repeating the same argument several times we see that C = M + Cf- 
Therefore, C = M0C F where Cf is a finite dimensional ideal of the algebra C (Proposition 
15.11 (2)). This implies that p is the rank of the if[a]-module C and Cen F (a) = tor^-r i(C). In 
particular, C ia finitely generated if [a]-module, and so C is a finitely generated left and right 
Noetherian algebra. 

Let us show that uv — vu G Cf for all elements u,v G C. It suffices to show that uv — vu G F 
as uv — vu G C and Cf = C fl F. Choose an element g G C such that n(g) is a generator for the 
group G. Denote by E the subalgebra (necessarily commutative) of C generated by the elements 
a and g. Notice that Cf is an ideal of the algebra C. By the choice of g, the if [a]-module 
C I (E + Cf) is finite dimensional. Therefore, there exist nonzero elements P, Q G if [a] such that 
Ptt,Q« G E + Cf- Then 

PQwv = (Pu)(Qu) = (Qv)(Pu) = PQvu mod C F , 

i.e., PQ(uv — vu) G Cf- Since PQ is a nonzero element of the algebra if [a] (which is isomorphic 
to a polynomial algebra over if in a single variable, since a F) and P (~l if [a] — 0, we see that 
PQ £ F, then uv — vu E Cf since the algebra Pi is a domain. 

2. Let C := Cem.(a) and C F := Cen F (a). Let b G 1%. By (ESI, b = K 11 ) and 

\021 »22 / 

a = { a }} ^ ) where an := X]f=n a (* + l) e ii + / ancl oi(i + 1) is the value of the polynomial 

\ U ^22/ 

a(P) at Pf = i + 1, a 22 = e' d ae' d = e' d a = ae' d G e' d l x e' d . Then b G C iff ("J 1 ^ ^ 

iff bn G Cen_F £d (aii), b 22 G Cen^i^ (e' d a), 011612 = bi 2 a 2 2 and a 22 b2i 

0\ (0 b 12 \ / 0^ 
() 0) '\0 J ' ^b 2 i o y 

C = e> d K[H]Q)CF (28) 

and e' d K[H] is a free if [a] -module (i.e., if [a] -module since ae d = ae' d ) of rank p = deg H (a). As 
a if [a]-bimodule (in particular, as a if [ad(a)]-module where ad(a) := [a, •] is the inner derivation 
of the algebra Ii) the ideal F is the direct sum of four sub-bimodules: 

d d 
F< d , F >d :=($Ke ij: H:=00ife 4 „ V := © © ITey. 

i,j>d i—0 j>d i>d j—0 

Then 

Cen F (a) = ker F < d (ad(a)) © ker F>d (ad(a)) © ker-H(ad(a)) © kery (ad(a)). 

ker F<d (ad(a)) is the centralizer of the (d+1) x (d+1) matrix an in the algebra F< d of (d+1) x (d+1) 
matrices. ker F>d (ad(a)) = ker F>d (ad(a)) = J>d Kejj C a , d C* d , by Proposition [57T](1). 
The if [a]-bimodule "H = J>d is the direct sum of finite dimensional if [a]-bimodules Hj := 

0^ =o Ketj, and the action of the map ad(a) on Hj is equal to (an — a(j + 1))-^-. Therefore, 

ker Wj (ad(a)) = ker- Hj .((an - a(j + 1))-) = ker« D ((on - a(j + l))-)eoj> 
ker w (ad(a)) = © ker Wo ((an - a(j + l))-)e 0j ;• 



/bn 


bi 2 \ 


( on 





U21 


bi2) 


I 


022 J 



b2ian. Notice that ( ^V" !? ) , ( ^ ^ 2 ) , [ ,^ J? ) G C F . Then, by Lemma T5.6K 3). 
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Similarly, the JC[a]-bimodule V = (§) i>d Vj is the direct sum of finite dimensional _ftT[a]-bimodules 
Vi = 0j = o and t ne action of the map ad(a) on Vi is equal to -(an — a(i + 1)). Therefore, 

kerv,(ad(a)) = kerv 4 (-(au — a(i + 1))) = eiokerv (-(an — a(i + 1))), 
ker v (ad(a)) = Qe i0 ker Vo (-(au - a(i + 1))). 

i>d 

It is obvious that Cenp(a) is a K [a]-torsion, infinite dimensional, not finitely generated if[<x]- 
module. Therefore, by (|28j). C is not a finitely generated K [a]-module, toiK[ a ]{C) — Cf, and the 
i4T[a]-module C has rank p = deg H (a). By (f^5|) . [C, C] C Cp. Recall that the left Ii-module F is 
the direct sum jeN E^j of nonzero left ideals Ejqj = ieN Keij. Similarly, the right Ii-module 
F is the direct sum ieN i?t,N of nonzero right ideals E^ = jeN Keij. Since 

ejj G En j n Cen I:1 (a) for all j > d; en G E^pj R Cen^ (a) for all i > d, (29) 

the sums ®j >d (En,j R Ceni 1 (a)) and i>(i (£i,N R Cen^a)) are infinite direct sums of nonzero 
left and right ideals of the algebra C respectively. Therefore, the algebra C is neither left nor 
right Noetherian. To finish the proof of statement 2 it remains to show that the algebra C is not 
finitely generated. Suppose that S is a finite set of algebra generators for the algebra C, we seek a 
contradiction. We may assume that e' d H G S. Then, by (l28l) . we may assume that S = {e' d H} Li Sf 
where Sf is a finite subset of Cf- Then we can fix a natural number n such that Sf C F< n - 
Then C = K (S) C K(F< n ,e' d H) = K[e' d H] F<„, and so Cf C F<„, a contradiction, since 
G Cf\^< 

3. Let C := Ceni 1 (a) and Cf '■= Cenp^a). Since C — Cen^/), we may assume that 
a = f e F\K. Let R be the RHS in the equality in statement 3(b). Let b G l 1 . By (l2"5j) , 

S) ft; ts) - (i o)« 

/&n = 611/, /612 = and 612/ = iff b € R. It follows from the equality C = R and Lemma f5T51 
that the centralizer C is a finitely generated algebra which is generated by the finite dimensional 
subspaces CenF <d (/), /Ceo,d+i, e^xfiK! and the elements e' d , e' d d, J e' d and e d +i,d+i (since, for all 
i > d, Ke 0l = Ke Q4+l {e' d d) i - d - 1 and e M K' = (J e'^-^ed+ifiJC'). Clearly, [C,C} % C F since 

[e' d He' d ,e' d de' d ] = [H,d} = ~d mod F, 

and dimx(C) > dimK(e^£>i) = 00. By (|2"5j). the sums 0., >d (-Ek,j R Cen I:t (a)) and i>d (£ , i,N R 
Ceni^a)) are infinite direct sums of nonzero left and right ideals of the algebra C respectively. 
Therefore, the algebra C is neither left nor right Noetherian. Clearly, toi k[o](C) = C / Cf- □ 

Corollary 5.8 Let a G TTien the following statements are equivalent. 

1. a </K[H]+F. 

2. Ceni 1 (a) is a finitely generated K[a]-module. 

3. Cenjj^ (0) is a left Noetherian algebra. 
4- Cenij (a) is a right Noetherian algebra. 

5. Cenjj (a) is a finitely generated and Noetherian algebra. 
Corollary 5.9 Let a G h\K . Then 

1. Ceni 1 (a) is a finitely generated algebra iff a £ (K[H] + F)\(K + F). 

2. Cenj 1 (a) is a finitely generated not Noetherian/ not left Noetherian /not right Noetherian 
algebra iff a G (K + F)\K . 

3. The algebra Ceni 1 (a) is not finitely generated, not N oetherian / not left N oetherian / not right 
Noetherian iff a G {K[H} + F)\(K + F). 
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6 The simple Ii-module K[x] and a classification of elements 
of the algebra Hi 

In this section, a formula for the index mdx[ x ](a) of elements a G Ii\F is found (Proposition 16. l| ) . 
Recall that K[x] is the unique (up to isomorphism) faithful simple Ii-module and Ii C End^ (K [x]). 
Classihcations of elements a £ Ii are given such that the map a,K[ x ] '■ K[x\ — > K[x\, p <-> ap, is 
a bijection (Theorem I6.2[) , a surjection (Theorem 16.31) or an injection (Theorem I6.6p . In case 
when the map a^u is a bijection, an explicit inversion formula is found (Theorem 16.21 (4)). As 
a result we have a formula for the unique polynomial solution q = a -1 * p of the polynomial 
intcgro-differential operator equation a* p = q where p,q G K[x] and a G I" := Ii H Aut k(K[x\). 
The monoid Ij is much more massive set than the group I* of units of the algebra Ii (Theorem 
16.21 (1.2). Theorem 18.31 (6)). In case when the map ax[ x ] is surjective or injective we found its 
kernel and cokernel respectively (Theorem 16.31 and Theorem 16. 6[) . 

Each nonzero element u of the skew Laurent polynomial algebra B\ = K[H] [d, d^ 1 ; r] (where 
t(H) = H + 1) is the unique sum u = a s (d~ 1 ) s + a s +i(d~ 1 ) s+1 + ••• + ad(9 _1 ) d where all 
cti G K[H], ad 7^ 0, and a ( i(9 _1 )' 1 is the leading term of the element u. The integer deg a -i (u) = d 
is called the degree of the element u in the noncommutative variable <9 _1 , deg a -i (0) := — oo. For all 
elements?/, v G B\, deg a -i(mi) — deg a -i(u)+deg a -i(w), deg a -i (u+v) < max{deg a -i (it), deg^-i (v)} 
Therefore, the minus degree function 

— deg a -i : Frac(Bi) — > Z U {oo}, s^u M> deg a -i (s) — deg a -i (u), 

is a discrete valuation on the skew field effractions Frac(Bi) of the algebra B\ such that deg a -i (a) = 
for all elements ^ a G K{H). 

Proposition 6.1 Let a G I\\F. 

1. indx[x]( a ) = — dcg a -i (a + F) where a + F G Ii/F = B\ . 

2. Let i — indxfxlC^)' Then 

(a) i>0 iff a = d l a' for some element a 1 G t\\F with ind^u^a') = 0. 

(b) i < iff a = a' J"'*' /or some element a' G IiV-P 1 urai/i indx[x]( a = 

3. Let b G IiV-P 1 such that a + b G Ii\.F. TTiera ind^r x i(a + 6) > min{ind#r w i(a), md^r x i(&)}. 
Therefore, the index map ind^-^j : Frac(Ai) ->ZU {oo} is a discrete valuation. 

4- ind^[x] (°"( a )) = m dif[a;]( a ) / or a ^ automorphisms a G Autx-aig(Ii)- 

Remark. In statement 2(a), a = <9*a' (i > 1) does not imply a = a" d 1 for some element 
(necessarily) a" G IiV-P 1 with indjqx]( a ") = 0; eg, a = d l (l + e i0 ) since eoo im(-9 l ). Similarly, 
in statement 2(b), a = a'/''' (i < —1) does not imply a — j' 4 ' a" for some element (necessarily) 
a" G with ind^^] (a") = 0; eg, a = (1 + e ai ) j' 1 ' since e o ^ im(/' 1 ' •). 

Proof. 1. Let a be as in ((U and d—~ deg a -i (a + i* 1 ). By Lemma [331 without loss of generality 
we may assume that all \j — 0. Notice that the maps / ■, -d % : Ii — > 1% are injections for all 
natural numbers i > 1 (since d 1 f = 1) such that f(h\F) C l ± \F and {h\F)d l C If 
d > then a = d d J d a and indi^i (a) = ind^-^j (3 d ) + ind^M (J* a) = d + ind^-^j (J d a). If 

d < then a = ad~ d f d and indx[ x ]( a ) = mcl K[2;](/ d ) + indjfM (ad~ d ) = d + ind^-r x i (ad~ d ). 
Therefore, to finish the proof of statement 1 it suffices to show that if d = then ind^M(a) = 0. 
Since d = 0, a = X)i>i a -i^' + a o with ao 7^ 0. The element a respects the finite dimensional 
filtration {K[x}<i}i & fi of the Ii-module K[x], that is, aK[x}<i C AT[a;]<i for all i£N. Notice that 
<Xq(H) * x % — ao(i + ^)x l for all i G N. Fix a natural number, say N, such that ao(« + 1) 7^ 
for all i > N. Then the linear map a- : V := K[x}/ K[x]<n — >• V is a bijection. It follows from 
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the short exact sequence of if [a]-modules — >• K[x]<n — > K[x] — >• F — > that ind#r x i (a) = 
ind K [ x]£JV (a) +indy(a) = + = 0. 

2. Statement 2(a) (resp. 2(b)) follows from statement 1, (|SJ), and the fact that d l F = F (resp. 
F J = F and <9' 2 ' J"' 1 ' = 1), see the proof of statement 1 where statement 2 was, in fact, proved. 

3. Statement 3 follows from statement 1. 

4. The simple Ii-module K[x] is the only (up to isomorphism) faithful simple Ii-module 
( Theorem 12.11) . Therefore, cr -KT[x] ~ K[x] for all automorphisms a of the algebra Ii. Then 
ind*:^] (o-(a)) = md* K[x] (a) = md K[x ](a), by dTTJ). □ 

Classification of elements a G Ii such that a^u is a bijection. Let Aut^iTfa:]) be 
the group of all invertible K- linear maps in the vector space K[x], i.e., it is the group of units 
of the algebra End# (if [a;]). The next theorem describes the intersection Ij := Ij n Autj<-(^[^]) 
and gives an inversion formula in Autif(-£r[x]) for each element in the intersection. The set 1° is 
a multiplicative monoid the elements of which are (left and right) regular elements of the algebra 
Ii (i.e., non-zero-divisors). We will see that the multiplicatively closed set 1° is the largest (with 
respect to inclusion) right Ore set that consists of regular elements fTheorem l9.7K 2')'). It is obvious 
that if the map a^y is a surjection (where a G Ii) then a F. Recall that If — K*(l + F)*, [T2] . 
where If is the group of units of the algebra Ii . 

Theorem 6.2 Let a G Ii\F and d :— deg F (a). Then 

1. a K [ x ] e Aut K (K[x}) iff a = J2i>i a -$ l + a o + J2i,jeN **i e »j ( see tW)> b : = a \K[x]< d £ 
GL(A"[a;]<d) and s + I is not a root of the nonzero polynomial oq G K [H] for all natural 
numbers s > d. 

2. I? := Ii n Aut K (i^N) g If = K*(l + F)*. 

3. If indjf m (a) = i/iera i/ie following statements are equivalent: 

(a) ax[ x ] is an injection, 

(b) <1k[x\ * s a surjection, 

(c) CbK[x] * s a bijection. 

4- (Inversion Formula) Suppose that a>K[x] G Aut jc(K [%])> a = a_ + ao + J^A^ey where 
a_ = X)i>i a -j^ 1 - ^e 71 according to the decomposition K[x] = K[x]<d@ K[x] >( i where 
K[x]>d ■— ®i>d,Kz l the map ax\x] * s the matrix ("q 1 all) where an := a\K[ x ] <d , ^22 '■= 
<i\k[x]/K[x]<4 = ( a - + a o)\]<[x]/K [x] <d , the matrix of the linear map an : K[x]/K[x]<d — > 
K[x]<d has only finite number of nonzero entries with respect to the monomial bases of the 
vector spaces, and 

( an ai 2 \ _ ( afj 1 -af^ 012022 
^ a 22 ) ~ \ a^ 1 

where a^ 1 = X^>o( — l)*( a o a -)*°o (notice that a " 1 a_ is a locally nilpotent map on the 
vector space K[x[J K[x}<d)- 

Proof. 1. Suppose that amx] S Autpc(K[x]). Then ind^r a i(a) = 0. By Proposition 16 . 1 1 ( 1 ) . 
a = J2i>i a -id l + ao + ^v e v w hh ao ^ 0. Since iT[a;]<d is an a-invariant finite dimensional 
subspace, we must have b G GL(K[x]<d). The vector space K[x] = {J s>d K[x]< s is the union 
of a-invariant finite dimensional subspace K[x]< s and the element a acts on the one-dimensional 
factor space K[x]< s / K[x]< s -i by scalar multiplication ao(s + 1) (for all s > d) since ao(H) *x s = 
ao(s + l)x s . Now, statement 1 is obvious. 

2. Statement 2 is obvious (see statement 1). 

3. For an arbitrary element a G I\\F with ind^r x i(a) = 0, we have seen in the proof of 
statement 1 that each term of the finite dimensional filtration {if[x]< s } s >d of the Ii-module 
K[x] is an a-invariant subspace. For a linear endomorphism acting in a finite dimensional vector 
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space the conditions of being an injection, a surjection, or a bijection are equivalent. Therefore, 
statement 3 follows. 



4. Clearly, J3DJ holds and 
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(ao + a^)- 1 = (a (l + a 1 a_))- 1 = (1 + a 1 a_)- 1 a 1 



Classification of the elements a G Ii such that a^xl is a surjection. 

Theorem 6.3 LeiaGli. Then the map clki x ] is surjective iff a = ^2 i>n a^id l + ap = a'd n + ap 
where n > 0, a_„ 7^ 0, all a_i G . of G F, a' := J2i> n o,-id t ~ n , and 

1. if ap = t/ien none of the natural numbers j > 1 is a root of the polynomial a_ n G K[H]; 
in this case, &#-r x i is a bijection and kev{aK[ x }) — ^ ev {9pc\ x ]) ~ ®7=o Kx l ; and 

2. if ap 7^ then none of the natural numbers j > d + 2 (where d = deg F (a) ) is a root of the 

polynomial a_„ G K\H] and im(ax[x]< d ) + X^o^'™^ ^a' * x<i ~^ = K[x]<d', in this case there 
is the short exact sequence of finite dimensional vector spaces 

-> ker(a K [ x ]^ d ) -> ker(a K [ x ]) -> ker(5) ->■ 
x]<d, and therefore 



kei(a K[x] ) = ker(a if[x]s J K{ 



where {vx,...,v s } is a basis for the kernel kei(5) of 8 and u\,...,u s G ii"[x]<d be any 
elements such that a'd n * Vi — a * itj. 

If the map amx] * s surjective then n := 'mdK[ x ](a) = dim^-(ker(a^-[ : ,.]) > 0. 

Proof. Suppose that the map ax[ x ] is a surjection. Then n :— indj^ui (a) = diniK^ker^jf m)) > 
and, by Proposition 16 . 1 1 ( 1 ) . a — ^2 i>n a_id l + ap is the canonical form of the clement a where 

a_ n 7^ 0, all aj G K[H], and ap G F. We can write a = a'd n + ap where a := a_„ + a_ n _i9 H 

is an element of the set Ii\F with indx[ x ](a') = 0, by Proposition 16 . 1 1 ( 1 ) . 

Suppose that ap —0, i.e., a — aid 11 . Then ker^ r x i (a) D ker^r :J ,](9 n ) = (l,x, . . . ,x n ~ 1 }, and so 
keiK[x}(o-) = ker^[2;](9 n ) since dim^ (ker^f^] (a)) = n. The map a'fc[ x ] must be injective: if a'p = 
for some polynomial 7^ p G -fT[x] then a'd n J n p — 0; on the one hand J n p € ker Jf [ x i(a) but 
on the other hand f n p$. (1, cc, ... , a;" -1 ) = kerif[ x ](a) since deg 2 .(/ n p) > n, a contradiction. By 
Theorem 16.21 (3). the map afc^ is a bijection since ind^ [ x ] (a') = 0. By Theorem 16. 21 (1), none of 
the natural numbers j > 1 is a root of the polynomial a_„. Conversely, suppose that a = a'd n 
and none of the natural numbers j > 1 is a root of the polynomial a_„. By Theorem 16.21 (1). the 
map o-'x\ x ] IS a bijection, then the map ax\ x \ is a surjection. This finishes the proof of the theorem 
in the case when of = 0. 

Suppose that ap 7^ 0. Recall that d = deg F (a). Suppose, for a moment, that the map apc[ x ] is 
not necessarily a surjection. Applying the Snake Lemma to the commutative diagram of the short 
exact sequence of vector spaces (where V = K[x]<d and U = K[x]/V) 



V ■ 



V • 



K 



K 



a K [x] 



TI- 



LT- 



we obtain the long exact sequence of vector spaces 



— > ker(ay) — > kei(a K [ x ]) ~ > ker(a;y) — » coker(ay) — >• coker(a#-[ x ]) — > coker(a;y) 0. (31) 
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Therefore, the map Offfxl is surjective iff the maps 5 and ajj are surjective. Clearly, for the element 
a = a'd n + ap, a\j = (a'd n )u- Using the same argument as in the case (a) we conclude that the 
map ajj is surjective iff a'\u is an isomorphism iff a_„|;y is an isomorphism iff a- n (H) * x l = 
a_„(i + i)x l 7^ for i > d + 1 iff none of the natural numbers i > d + 2 is a root of the polynomial 
a- n (H); and in this case ker(aj/) = ker(<3j}) = ©j=<£j_i Let us give more details in the 
proof of the only non-obvious step above: 'if ajj is surjective then a'\u is an isomorphism.' Notice 
that the vector space U is invariant under the action of the elements a' and d n , keru(d n ) = 
0i=rf+i K x% Q keTu(a'd n ), and d\u is a surjection. Since 

keru(a'd n ) = md v {a'd n ) = md v (a') + mdu(d n ) = + n = n, 

we must have kerj/(a'<9™) = ker[/(<9"). The map a[j must be injective; if a'u — for some element 
^ u G U then a'<9™ J n u = 0; on the one hand J n u E ker^r x i = i^a: 1 but on the other 

hand J" u £ (x d+1 , x d+2 , . . . , x d+n ), a contradiction. Therefore, a' v is an injection, and so a'jj is a 
bijection. Notice that, for alH = d+ 1, . . . , d + n, 



8{x l ) — a * x l + im(ay) = 



i(i — 1) • • • (i — n + l)a' *x % n if z > n, 
otherwise. 



Therefore, the map 5 is surjective iff im(ay) + Y^j^o '"^ * x<i ~ J ' = This finishes the proof 
of 'iff' part of case 2 of the theorem. 

To finish the proof of case 2 suppose that the map ax[ x ] is surjective. By (I3ip . there is the 
short exact sequence of vector spaces — > ker(ay) — > ker(a,K r x i) — >• ker(<5) — >• where (5 = a'd n : 
®t=d+i Kx 1 —tV/aV. Then ker(a^[ x j) = ker(ay) ©®^ =1 K(vi — Ui) where {vi, . . . , v s } is a basis 
for the kernel ker(<5) of 6 and u\, . . . , u s S V be any elements such that a' 9™ * = a * Ui. □ 

Corollary 6.4 Let an element a € Ii oe suc/i £/ia£ £/ie map o^y «s surjective. Then the element a 
can be uniquely written as the product a = d n a' where n = diniR- (ker(a^-[ 2; ])), a' = X)i>o a i®' f> 
a' ^ 0, all a- G K[H], f = J2i, 3 >o h+n,jei+n,j, h+n,j G K. 



Proof. The existence and uniqueness follow from Theorem 16.31 and the equalities a(H) ■ d n = 
d n ■ a(H + n), for all elements a(H) G K[H], and d n ■ e l} = ei- n j. □ 

Classification of elements a e Ii such that amx] ls an injection. 

Lemma 6.5 Let a = J2i>i a -id l + a o + f G Ii where all aj E K[H], ao ^ 0, and f G 
F. Then ker K [ x ](a-) = ker^[ x ] <m (a-) and cokerx[ x ] (a-) — cokerx[ x ] <m (a-) where m = m(a) = 
max{deg F (a), s} and s — max{j 6 N | j + 1 is a root of the polynomial ao G K[H}} or s := —1 if 
there is no such a root j + 1. 

Proof. Notice that K[x]< m is a if[a]-submodule of K[x] such that the map a\K[x]/K[x] <m is a 
bijection by the choice of m. Then (f3"Tj) yields the result. □ 

Let a G Ii be such that n = max{i > | ai ^ 0} ^ 0, see (JSJ. By Proposition 16.11 (1). 
n = — ind#-r x i(a) > 0. Then the element a is a unique sum (Proposition 16. ll (2b) ) 

/n 
(32) 

where all &j G K[H], b ^ 0, / G Si^^Q Ke it j +n . 

Theorem 6.6 Let a G Ii. T/ien the map a K ^ is an injection iff a = (2»>i a -id l + a o + /) /" 
where n > 0, aH aj G ^[-ff], ao ^ 0, / G J>0 Keij +n (the presentation for a is unique), and 

1. when n — £/ie map ajf[ x ] is a bijection (see Theorem \G. 6 A (1)) : and 
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2. when n > 1, ker K ^ x ] <m (a' ■) f] x n K[x] = where a' := X)i>i a -i& % + a o + / and m = m(a') is 
as in Lemma 1 6. 51 in this case there is the short exact sequence of finite dimensional vector 
spaces 

->■ ker K[x]im (a'-) ->• X[x]/(x n ) -> coker(a K[x] ) -> isT^^/a' * i<T[a;]< m ->■ 0. 
If the map a' K i H j is a bijection then n = — ind^-[ x ](a) = dim/f (coker(a^-[ :r ])). 

Proof. Suppose that the map clk[x] is inject ive. Thenn := — ind^ ui (a) = dirriK-(coker(ajq. E ])) > 
and, by Proposition 16.11 (1) and (j52")h the element a is the unique sum a = QZi>i a -i<9 1 + a o + 
/) J™ = a' f where all aj E K[H], a ^ and / E Si jefi ^ e i,j+n- To finish the proof of the 
theorem we have to show that for each element a that admits such a presentation, a = a' J™ 
for some n £ N, the map a^-^j is an injection iff the conditions 1 and 2 hold. If n = then 
this follows from Theorem 16. 21 ( 1,3). Suppose that n > 1. Then the map a^-^] is an injection iff 
ker^-[ x ](a'-) n im^-r 2 ,](J™ ■) = iff ker K [ x ] <m (a' •) n (a;™) = 0, by Lemma [631 This completes the 
'iff' part of statement 2. It remains to prove existence of the long exact sequence in statement 2. 
So, let n > 1 and the map clkm is injective. Applying ^ for the product a = a' J , yields the 
long exact sequence of vector spaces 

-)■ kei K[x] (a'-) coker K[2 ,]( / ) -> cokei(a K[x] ) -> coker K[x] (a'-) -> 0. 

Notice that keix[x] («'") = kerx[ x ]< m ( a '")i cokerK-[a;](<i' - ) ~ cokerK-M <m (a'-) (Lemma 16.51) and 
coker/f[a;] ( /" •) = K[x]/(x n ). The proof is complete. □ 

In general, for a linear map acting in an infinite dimensional space it is not easy to find its 
cokernel. The next several results make this problem finite dimensional for integro-diffcrcntial 
operators. 

Corollary 6.7 Let an element a E \ be such that the map o,k[x] * s an injection with n = 
dimx (cokcr(ax[:r])) > 1, and a = f a' + / be the unique sum where a' — ^2%>i a -i& 1 + a o, 
all cij E K[H], ao ^ 0, and f E F {Theorem \ 6.6}) . Then the set {l,x, . . . , x™^ 1 } is a basis for 
coker(ax[ x ]) iff the map (a' + d n f)x[ x ] * s a bijection (see Theorem \6.2\ (l) for the classification of 
bijections) . 

Remark. The existence and uniqueness of the presentation a — f a' + / follows from Theorem 
[631 and (151). 

Proof. (=£-) Suppose that the set {1, x, . . . , x n ~ 1 } — ker^r x i(9™-) is a basis for the cokernel of 
the map a K [x\- Then K[x] = kei K [ x] (d n -) im(a K [ x ]), and so the map {d n a) K[x] = (a' + d n f) K [x] 
is an injection, hence it is a bijection, by Theorem l6.2l (3). 

(<=) Suppose that the map (d n a) K [ x ] — (a' + d n f) K [ x ] is a bijection. Then ker#ui (d n -) D 
im(a K [ x j) = 0, and so ker^- m (d n -) im(ajf[ x i) = K[x] since dimif(coker(a^ [,,.])) = n and n = 
dim^ (ker^M (<?"•)). Therefore, the set {1, x, . . . , a;™ -1 } is a basis for coker(a^[ 2 .]). □ 

Proposition 6.8 Let V be a nonzero finite dimensional subspace of K[x] of dimension n. Then 
there exists a unit s E (1 + F)* such that V = ker(sd n s ) km and K[x] = V im(s J s~ )k[x]> 
i.e., V ~ coker(s f s _1 )x[ x i ■ In particular, sd n s~ 1 = d n + g and s J s^ 1 = J™ +/ for some 
elements g, f E F. 

Proof. IfF= (1, x, . . . , x n_1 ) = kcr(d n ) K [ x ] then take s= laaK[x] = ker(d n ) K im(J n ) K ^ 
In the general case, fix a natural number m > n and subspaces U,V,W C i4T[a;]< m such that 
if[x]< m = V"0?7 = ker(<9") K[a;] 0T4^. Since (1 + F)* = GI^K), we can find an element 
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s of (1 + F)* such that s 1 {V) = keT{d n ) K \ x \, s 1 {U) — W and s(u) — u for all elements 
u G K[x] >m := i>m ifx\ Then the element s satisfies the conditions of the proposition: 

) K[X] =ker( S d n s- 1 ) K[x] ($im( S J S - 1 ) = F0im(W s" 1 ). 

In particular, s = 1 + h and s _1 = 1 + b! for some elements h,h' G F, and so sd n s~ 1 = d n + g 
and s J" s" 1 = J™ +/ for some elements g, f £ F. □ 

Corollary 6.9 Lei an element a G Ii fee smc/i i/iai i/ie map a^^] is an injection with n = 
dimA'(coker(ax[3;])) > 1; f/ien a = J" a' + / is t/ie unique sum where a' = X)j>i a -id l + a o- 
aZZ <Zj G if [-H], ao 7^ 0, and f £ F f Theorem ] 6. 6]) . Let g G F be such that the map (d n + g)K[x] * s 
a surjection. Then kev K[x] {d n + g) ~ coker(a if [ a .]) ("i.e., if [a] = ker Jf[a .](9 n + g) im(ajf[ a! ]) > J iff 
i/ie map ((d n + g)a)mx] — i a ' + ti)ic[x] * s a bijection (see Theorem \6.2\ .(1) for the classification of 
bijections) where h := d n f + ga G P 1 . 

Proof. (=>) Suppose that if [x] = keiK[ x ] (d n +g) im(a K [ x ]). Then the map ((9™ + g)a)x[x] — 
(a 1 + h)K[x] is a injection, hence it is a bijection, by Theorem 16. 21 (3). 

(<=) Suppose that the map {{d n + g)a)K[x] = ( a ' + h)K[x] is a bijection. Then ker^-^d™ + 
g) n in^a^] ) = 0, and so ker K[x] (d n + g) im(a K[x] ) = if [x] since n = - deg d -i (d n + g + F) = 
indifM (d n + g) = dim^(ker A: [ a .](9" + g)), by Proposition 16 . 1 1 f 1 ) . and n = dim,K-(coker(ax[x]))- ^ 

Corollary 16.91 is an effective tool in finding a basis for the cokernel of an injection clk\x\- 

Example. Let a = d + J. Then a,K[x] is an injection and the map 8k[x} is a surjection such 
that {da) K[x] = (d 2 + l) K [x] S Aut K (if [x]) is a bijection since (1 + d 2 )^ = E 4 >o( _1 ) i5 x[x]- 
By Corollary IQ1 coker K[a; ](9 + J) ~ ker^] (<9) = if. Notice that (1 + d 2 )" 1 g where I* is the 
group of units of the algebra I* . 

Lemma 6.10 1. For each element a G IiV-P 1 , there exists an idempotent f G F such that 
ker(a K[x] ) = im(f K[x] ). 

2. Let a G Ii\i 7 '. Then there exists an element g G F such that imfa^-u) = ker(g K ^) iff there 
exists a natural number d > such that x d+1 K [x] C im(ax[ x ]) and 

codim K [ x ] Sd (K[x]< d f^im(a K [ x ])) = dim Ar (coker(a A :[x]))- 
Ln this case, the element g can be chosen to be an idempotent. 

Proof. 1. Since a G Ii\i^, the kernel of the linear map o,k[x] is a finite dimensional vector space 
(Theorem 13.11 (1)). and so ker(ax[ x ]) Q K[x]< m for some natural number m. Then if[x]< m = 
ker(ajc\ x i) V for some subspace V of if [x]< m . If / is the projection onto the direct summand 
ker(a K [ x ]) of if [x]< m extended by zero on K[x] >m then f 2 = /, / G F and ker(a K [ x ]) = im(f K [ x ]). 

2. (=>) Suppose that there exists an element g G F such that im(a,K[x]) = ^ ct (9k[x])- Let 
d = deg F (g). Then K[x] = K[x]< d @{x d+1 ) and ker(g K[x] ) = ker( to [x]<J ®(x d+1 ). There- 
fore (x d+1 ) C im(a^ [x ]) and codim K[x] ^ d (K[x}< d f]im(a K[x] )) = codim K[x] ^ d (ker(g K[x] ^ d )) = 
codim if [ x ](ker(£/'ii:[ x ])) = dimK(coker(a Ar[:E ])). 

(<=) Suppose that (x d+1 ) C im(aK[ x ]) an d 

codim if[a: ] S(i (if[a;]<dP)iiri(a^[ a .])) = dim K (coker(a A ' [:! . ] )) =: n. 

Then if[x]<d = V 0(if [x]<d P) im(ax[x])) f° r some subspace F of if[x]<<j with dim^-(V r ) = n. 
Then im(aif[ x j) = if [x]<d p| im(a A [^j) 0(x d+1 ). It suffices to take g which is the projection map 
if [x]<d V extended by zero on the ideal (x d+1 ). □ 
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Non-Example. The conditions of statement 2 are very restrictive. In particular, not for every 
element a G Ii\F there exists an element g such that im(a^[ a ,]) = ker(g K ^), eg, a = d + J since 
x 2n g 1 im(<9 + /) for all n > 0. 

Proof. We have to show that there is no polynomial solution u to the equation (d+ f)*u = a;[ 2n l. 
Note that 

d+ [ = d f(d+ [) = d(l-e 00 + [ ) = 0(1 - eoo)(l + 



Then, (1 — e o)(l + J 2 )*w = a;[ 2 ™ +1 ] +C for some constant C necessarily C = as im(l — eoo)ir[ x ] = 
(x) 9 a;[ 2n+1 l. We can write u = A + t> for some A € F and v £ (x). The linear maps 1 — eoo and 
1 + / acting in J4T[x] respect the ideal (x). By taking the equality (1 — eoo)(l + / ) *u = x[ 2 ™ +1 l 
modulo (x) yields (1 — eoo)A = and so A = 0. Since the (1 — eoo)ic r x i is the projection onto the 
ideal (x) in the decomposition K[x] = K®(x), A = and x^- 2n+1 ^ G (x), we can drop 1 — eoo in 
the equation, i.e., (1 + f) * u = x^ 2n+1 l The only solution u = E,:> (- 1 ) 1 *^ [2 " +1] £ K[[x\] 
is obviously not a polynomial. □ 

Proposition 6.11 1. For each element a G Ii\F with n := dim^coker^^^])), there exists 
an element d n + / for some f G F (resp. s G (1 + F)* ) such that the map {d n + f)ax[ x ] 
(resp. sd n s~ 1 a K ^) is a surjection. In this case, ker((<9™ + /)a#r x i) = k er ( a i<"[a;]) (resp. 
kei(sd n s~ 1 a K[x] ) = ker(a x[x] )). 

2. For each element a G Ii\F with n := dim^ (ker(aK-r x ]))> there exists an element J +g for 
some g G F (resp. s G (1 + F)* ) such that the map a(J +9)k[x] (resp. as f sj}^) is an 
injection. In this case, im(a(J +g)K[x]) — lxa { a K[x]) (resp. im(as J's^!,) = im(ax[ x ]))- 

3. For each element a G ^i\F with m := dimx(ker(a^r x i)) and n := dim#-(coker(ax[:r]))> there 
exist elements d n + / and J m +g for some f,g £ F ( resp. s,t G (1 + F)* ) such that the map 
(d n + f)a(J m +g)x[ x ] (resp. sd n s~ 1 at J m i]q x J is a bijection. 

Proof. 1. Notice that K[x\ = V@ im(a^-r x ]) for some n-dimensional subspace V of K[x\. By 
Proposition ^. 8| there exists a unit s G (1 + F)* such that V = ker(s<9 n s^Lj) and sd n s~ 1 = d n + f 

for some / G F. Then the map (sd n s~ )clk\x] 1S surjective since K[x] = sd n s~ 1 * K[x] = 
sd n s~ 1 (ker(sd n s~ 1 ) im(a^r x i)) = im((s9 n s _1 )a^r x i). Then, by Lemma |3"31 

dim^ker((9™ + f)a K[x] ) = md K[x ]((d n + f)a) = indiq^d" + /) + ind K[x] (a) 

= ind^ [x] (9 n ) + md K[x] (a) =n + dim i fker(a Jf [x] ) - n = dim*:ker(aK[ x ])- 

Therefore, ker((<9™ + f)a K[x] ) = kei(a K [ x] ) since ker((<9" + f)a K [ x ]) 2 kcr(a K[x] ). 

2. Since a ^ F, the kernel V of the linear map clk[x] is finite dimensional (Theorem 13. ip . 
By Proposition 16.81 there exists a unit s G (1 + F)* such that K[x] = 70im(s J™ s -1 )^^] and 
s J" s -1 = J n +g for some element g £ F. It follows that the map a(J +g)iq x ] is an injection. 
Then, by Lemma 13.51 



-dimif coker(a(y +3)if[ x ]) = ind K[x] (a(J +g)) = md K[x] (a) + md K[x] {J +g) 

= ind K[x] (a) +ind K[x] (J ) = n - dim K coker(a K[x ]) - n 
= — dimK coker(ax r x i). 

Therefore, the natural inclusion im(a(/ n +g)K[ x ]) Q i m (<2if [xl) is an equality. 

3. By statement 1, there exists an element d n + f for some / G F (resp. s G (1 + F)*) such that 
the map a' :— (d n +f)a<K[x] (resp. a' := sd n s~ 1 aK[ x \) is a surjection with ker(a^.j x j) = ker(ax[x])- 
Then, by statement 2, for the element a', there exists an element J m +g for some g G F (resp. 
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t G (1 + F)*) such that the map a" := a'(J m +g)x[x] (resp. a" := a't J m tj^ x ^) is an injection 
with im(a5q a .]) = in^a^-^) = K[x], i.e., the map a'x[ x ] ^ s a bijection. □ 

Example. Let a = 9+ J. We know already that Or^x] is an injection with dim^ (coker(ax[ x ])) = 
1. Then da = d 2 + 1 and (1 + d 2 ) K ^ is a bijection. 

The next proposition is useful in proving that various Ext's and Tor's are finite dimensional 
vector spaces or not. 

Proposition 6.12 Let a, b G Ii. 

1. If a,b £ F then the vector spaces ker kcrii (. b )(a-) ; coker kcrii (. b )(a-) ; ker cokcrii (. b ) (a-), 
coker cokorii (. fc )(a-) are finite dimensional. 

2. Ifa^F and be F then 



(a) ker kcrF( . h) (a-) = ker kerii( . 6) (a-) and dim K (ker kcrii ( . b) (a-)) = 
The sequence —> coke 
dim K (coker kerii( . 6) (a-)) 



JO ifker K[x] (a-) = 0, 
oo otherwise. 



(b) The sequence — > coker kcrF (. b )(a-) — ¥ coker kcrii (. b ) (a-) — > cokers^a-) — > is ezaci and 

i/ a = + / : K[x] — > K[x] is a surjection, 
oo otherwise, 

for some X G K* , i > and f G F. 

, , s , , x n , u fo if a K[x] is injective, 

(c) ker cokorii( . h) (a-) ~ ker cokcrF( . b) (a-) a72ddim K (ker cokorii( . b) (a-)) = < otherwise 

(d) The sequence — > cokcr cokcrF (. b )(a-) -4- cokcr cokcrii (, b ) (a-) — > B\/aB\ — > is exact 

JO if a = Xd l + f,a K[x] is surjective, 
dim K (coker coke ( . 6) (a-)) = < „ . 

1 loo otherwise, 

for some X G K* , i > and f G F. 
3. IfaeF and b^F then 



(a) ker kcrii( . b) (a-) = kcr korF( . b) (a-) and dim K (ker kcrii ( . b) (a-)) 



oo if ker^ (•&) ^ 0, 
otherwise. 



kerj 1 (-6) = <^=> is an injection <^> -6 : Ii/ Jli — > Ii/ fli is an injection ^ 

b* ■ : K\x] — > K[x] is an injection. 



(b) coker korii( . b) (a-) ~ coker kcrF (. b) (a-) ana'dim i f(coker korii( . b) (a-)) = 

(c) dim K (kcr cokcrii( . b) (a-)) 



oo if ker^ (■&) ^ 0, 
otherwise. 



if b = X p +/, * s surjective, 

oo otherwise, 
where ^ A G F, i > and f G F. 

if b = Xj t +f, {b*-)K[x\ is surjective, 
oo otherwise, 
where ^ A G F, i > and f G F. 



faV dim K (coker cokcrii( . b) (a-)) 



^ //a, b G F fAen i/ie vector spaces ker kerii (. 6) (a-), coker kcrii( . b )(a-), ker cokcrii ( . b) (a-), 
coker cokorii (. b )(a-) are infinite dimensional. 
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Remark. Earlier, necessary and sufficient conditions were given for the map a- : K[x] — > K[x] 
to be bijective (Theorem 16. 2p . surjective (Theorem 16. 3[) or injective (Theorem 16. 6p . 



Proof. 1. Since b ^ F, the left Ii-modules keri 1 (-6) and cokeri 1 (-&) have finite length (Theorem 
I3.6[) . Then, by Theorem 13. 1[ all four vector spaces are finite dimensional. 

2(a,b). Since b £ F, ker^-fe) = ker^fO) = B\. Since a ^ F, ker kcrBi (a-) = kerg^a-) = 0. 
Therefore, the long exact sequence in Lemma 14. 11 (2a) brakes down into two short exact sequences 
ker kerF (. 6) (a-) = ker kcrii( . fc) (a-) and coker korF (. fc) (a-) -)• coker kcrii( . b) (a-) coker Bl (a-) 0. 
Since b £ F, i 1 ker j p(-6) ~ if [x]^, a direct sum of countably many copies of the left Ii-module 
if [at], then statement (a) follows. Using the short exact sequence, we see that the vector space 
coker kcri (.(,)(«•) is finite dimensional iff so are the vector spaces coker korF (. fc )(a-) and cokerg^a-). 
since kcr F (-6) ~ K[x]^\ the vector space coker korF (.b) (a-) is finite dimensional iff it is a zero space 
iff the map clk[ x ] is surjective. Since a $ F, the vector space coker kerB (.b)(a-) = cokers 1 (a-) is 
finite dimensional iff a + F is a unit of the algebra B\ iff a + F = \d l £ B\ where A 6 K* and i £ Z 
iff cokers^a-) = 0. By Theorem 16.31 the vector space coker kcrii (a-) is finite dimensional iff it 
is a zero space iff a = \d % + / for some A £ K* , i > 0, and f £ F such that the map (Xd l + f)ic[x] 
is surjective. 

2(c,d). Since a^F and b £ F, we have cokerg^-fe) = B\ and ker cokol . Bi (. fc )(a-) = 0. Therefore, 
the long exact sequence in Lemma [4. 11 (2b) collapses to ker cokcrF (.fc)(a-) ~ U := ker cokerii (.(,)(&•) 
and the short exact sequence 

-> Vi := coker cokorF (. h) (a-) V := coker cokorii ( . 6) (a-)) B 1 /aB 1 -)• 0. 
Since ^i^ ~ ® (I x / Jli) and b £ F, Il coker jF (-fe) ~ if[a;]( N ). Therefore, 

dim^E/) = |° if aR[x] iS an in j ection ' 
I oo otherwise. 



Notice that dim K {V) = dim^Vi) + Aiuy k (B 1 / aBi) 
dimK(Bi/aBi) 



i£a = \d i + f,\f+f, 
oo otherwise, 



where ^ A £ K, i > and f £ F. dim^(Vi) 



if ajc[ x ] is surjective, 
oo otherwise. 

By Theorem 16.31 dim^U) = iff a = Xd l + f and ax\ x ] is a surjection where ^ A € K, 
i > and f £ F; otherwise dim^ (V) — oo. 

3(a,b). Notice that ker^-fe) = <^> {-b)^ is an injection <^> (-6)i? is an injection (since b ^ F) 

-b : Ii/ Jli -> Ii/ /Ii is an injection (since F El ~ (h/ JIi) (N) ) <^ b*- : K[x] -> K[ x] is an 
injection since ^iffx] ~ Ii/Ii9 and the map * : Ii/ Jli — > Ii/Ii<9, u + Jli h-> m* + Ii<9, is a 
bijection such that (cu)* = u*c* for all elements c £ Ii and u G Ii/ Jl±. 

Since b ^ F, we have kerg^-fr) = 0, and so the short exact sequence in Theorem |4Tj (2a) yields 
ker kerF (. fc) (a-) = ker kcrii ( . fc) (a-) and coker korF (. b) (a-) = coker ker , i (, 6) (a-). Clearly, if ker^-b) = 
then these vector spaces are equal to zero. Suppose that keri 1 (-6) ^ 0. Then kerj 1 (-6) = kerp(-6) 
since b g' F, and keri 1 (-6) ~ K[x] m for some m > 1, by Theorem 13 .61 ( 1 a) . Since a £ F, the kernel 
and the cokernel of the linear map a- : K [x] — > K [x\ are infinite dimensional vector spaces, then 
so are the vector spaces ker ker , (.(,)(«•) and coker kerii (. b )(a-). 

3(c). Lett/ :=ker cokor (.(,)(<!•). Suppose that cokerp-(-6) ^ 0. By Theorem l3.11 (la). i 1 cokerp(-6) 
K[x] m for some m > 1 (since 6 F), and so dimx(ker co k r F (-ft) ( a 0) = 00 s i nce a £ F. Since there 
is the inclusion ker cokcrF (.;,)(a-) C U (Lemma 14. 11 (2b) ) . we must have dim^ (U) = oo. 

Suppose that coker^(-fr) = 0. Then the long exact sequence in Lemma l4.1l (2b) yields as 
isomorphism U ~ ker cokcrBi ^ (a-) = cokers^-fr) ~ B\fB\b. Notice that cokerp(-6) = iff the 
map -b : \\j Jli — > Ii/ Jli is surjective since Fj x ~ (Ii/ j!i)^ N ^ iff the map {b*-)K[x\ is surjective. 
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dim K (B 1 /B 1 b) is either or oo, and dim K (B 1 /B 1 b) = iff 6 = A/* +/, Xd l + f where ^ A G K, 
i > and f € F. By Theorem 16.31 the two conditions, cokeri?(-6) = and dim^ (Bi/Bib) = 0, 
hold iff b = A p +/ such that [z] is a surjection where ^ A 6 X. i > and f E F. These 

are precisely the conditions when U = 0, otherwise dim#-([/) = oo. 

3(d). Let V = coker cokor (.;,)(&•)■ K cokers 1 (-6) 7^ 0, i.e., dim^ (B\/B\b) — 00, then the end 
of the long exact sequence in Lemma 14. II (2b) yields the surjection V — > coker cokciBi (.{,) (a-) = 
cokers 1 (-6) = B\jB\b (since a G F), and so dim^F) = 00. 

If cokeiBii'b) = then the long exact sequence in Lemma I4.1l f2b) yields an isomorphism 
of vector spaces coker co k erF (&)( a ') ~ V. Notice that the condition cokers^-fe) = holds iff 
b = Xf +/, Xd i + f where ^ X G K, i > and / G F. 

If coker^-fe) = then V = 0. The condition cokeri?(-6) = holds iff the map -b : Ii/ jli — > 
Ii/ Jli is surjective since Fj t ~ (Ii/ f Ii)( N ' iff the map (b*-)x[x\ 1S surjective. By Theorem 16.31 

the two conditions, coker^ 1 (-6) = and cokerp(-6) = 0, hold iff b = X j % +f such that (!)*•) k\ x ] is 
a surjection where / A e if, i > and / G F. 

If cokerp(-6) 7^ then, by Theorem 13. f l (la). i 1 coker^(-6) ~ if [a;]" 1 for some m > 1 (since 
b F) and so dim^ (V) = dim^ (coker(a-)^uim) = 00 since a G F. This proves statement 3(d). 

4. Since ^F^ ~ if [a;] ® (Ii/ /Ii) and a,b E F, the vector spaces at the beginning and the 
end of each left exact sequence in Lemma 14. II (2a.b) are infinite dimensional, and so are the four 
vector spaces in statement 4. □ 



7 Classification of one-sided invertible elements of Hi 

In this section, a classification of elements of the algebra Ii that admit a one-sided inverse is given 
(Corollary [72]), an explicit description of all one-sided inverses is found (Theorem [73]). It is proved 
that the monoid £(Ii) (respectively, 1Z(Ii)) of all elements of Ii that admit a left (respectively, 
right) inverse is generated by the group I* of units of the algebra Ii and the element J (respectively, 
d), Theorem EH 

The algebra K + F = if + Moo (if) has the obvious determinant map det : K + F — »■ K, 
a M> det (a). The element a G K + F is the unique finite sum a = A + ^ij e ij — ^ + Yl ^ijji E ij 
where A, Ay G if. Then 

, . . fo if A = fo if A = 

det a) := < = < (33 

v ; [Adet(a') if A ^ 0, [Adet(a") if A ^ 0, v ; 

where a' := 2 ieN e it +J2 A^Ayey, a" := J2ieN E u+J2 ^ ~ 1 ^vj\ E ij (notice that a' = a" = A _1 a). 
In the first equality the usual determinant is taken w.r.t. the matrix units {ey}ij g N but in the 
second equality - w.r.t. the matrix units {Eij}ij^jq. Both determinants are equal since for the 
element a G if + F, 

[a] e = 5 _1 [o]_e5, 

where [a] e and [o\e are the matrix forms of the element a w.r.t. the matrix units {e^} and {£V/} 
respectively, and S :— X^eN*' e « = SieN*'^'« ^ s ^ n e infinite diagonal invertible matrix. 

Theorem 7.1 1. Let an element a G Ii be such that the map a^-^j is an injection, n := 
dimK (coker(a^[ a; ])) ; and b € Ij.. 

(a) Then ba G If iff a = a' f n where a' G if* + F and b = d n b' where b' G K* + F with 
det(6a) 7^ (notice that ba G if + F). 

(b) If elements a — a' J n , where n G N, and a' G if* + F are such that the map a K ^ is 
injective (necessarily, n = diniR- (coker(a^ ^i)), by Provosition \6.1\ ( 1)) then there is at 
least one element b such that in the statement (a). 

2. Let an element b G Ii be such that the map bx\ x \ * s a surjection, n :— dimx (ker^j^])), and 
a eh. 
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(a) Then ba G I* iff b = d n b' where b' G K* + F and a = a' J™ where a' £ K* + F with 
det(fca) 7^ 0. 

f6) // elements b = d n b' , where n G N, and b' G K* + F are such that the map bn[ x ] is a 
surjection (necessarily, n — diraj<-(k:er(6^ui)), by Provosition \6.1\ ( 1)) then there is at 
least one element a such as in statement (a). 

Proof. 1(a). (=>) Suppose that there exists an element b G Ii such that ba G I*. Then 
necessarily the map fc^fx] is surjective. Then taking the inclusion ba G I* modulo the ideal F 
yields the inclusion ba £ K* where b = b + F and a = a + F since I* — K*(l + F)*. Bearing in 
mind that clk[x] is an injection and bjc\x\ is a surjection, we must have a = a! J where a' G K*+F 
(Theorem Ell) and b = d n b' where b' G K* + F (Corollary EH). Since ba G If = K*(l + F)* = 
{c G K + F | det(c) 0}, we must have det(fca) ^ 0. 

(<=) Suppose that a and b satisfy the conditions after 'iff'. Then det(fra) ^ implies that 
ba G II. 

1(b). By Theorem 16.111 (1). for the element a there exists an element 6 = 9" + / with f G F 
such that the map {ba)x[x] is a surjection and ker^Offui) = ker(a^-[ a .]) = 0, i.e., ba G Aut^-(if[a;])n 
(K + F) = (K + F)* =IJ. 

2(a). (=>■) Suppose that there is an element o 6 Ii such that 6a € I*. Then necessarily the 
map aifr x i is injective. Then taking the inclusion modulo the ideal F yields the inclusion 6a G K* 
where 6 = 6 + F and a = a + F since I\ = K*(l + F)*. Bearing in mind that a#-r x i is an injection 
and bx[x\ is a surjection, we must have a = a' f where a' G K* + F (Theorem 16. 6|) and 6 = d n b' 
where 6' G K* + F (Corollary EU). Since 6a G I{ = K*(l + F)* = {c G K + F | det(c) ^ 0}, we 
must have det(6a) ^ 0. 

(<J=) Suppose that a and 6 satisfy the conditions after 'iff'. Then det(6a) ^ implies that 
6a G l\. 

2(b). By Theorem 16.111 (2). for the element 6 there is an element a = J n +g with g G F such 
that the map {ba)K[x} is an injection and \m,(baK \x\) — lm (bK[x]) = K[x], i.e., 6a G AutK{K[x]) (~l 
(K + F) = (K + F)* =1*. □ 

Let C(Ii) := {a G Ii | ba = 1 for some 6 G Ii} and 7^(Ii) := {6 G Ii | 6a = 1 for some a G Ii}, i.e., 
C(Ii ) and 1Z(Ii ) are the sets of all the left and right invertible elements of the algebra Ii respectively. 
The sets £(Ii) and 1Z(I\) are monoids and the group I* of invertible elements of the algebra Ii is 
also the group of invertible elements of the monoids £(Ii) and 1Z(Ii), C(I\) n TZ(I\) = 1^. For an 
element u G Ii, let l.inv(u) := {v G Ii | vu = 1} and r.inv(u) := {v G Ii | uv = 1}, the sets of left 
and right inverses for the element u. The next theorem describes all the left and right inverses of 
elements in Ei. 

Corollary 7.2 1. An element a G Ii admits a left inverse iff a = a 1 J for some natural 
number n > and an element a' G K* + F such that ax[ x ] is an injection (necessarily, 
n = dim K (cokcT(a K[x] ))). In this case, l.inv(a) = {6 = d n b' \ b' G K* + F, f n d n b'a' f" d n = 
J n d 71 }. C(Ii) = {a G (K* + F) J n \nG N, a K x is an injection}. 

2. An element 6 G \\ admits a right inverse iff b G d n b' for some natural number n > and 
an element b' G K* + F such that bx[ x ] is a surjection (necessarily, n = dirriif(ker(6x[x])))- 
In this case, r.inv(6) = {a'/" I a' £ K* + F, J n d n b'a' J n d n = J" d n }. 11(h) - {6 G 
d n (K* + F) | n G N, b K \ x ] is a surjection}. 

Proof. 1. Suppose that 6a = 1 for some element 6 G Ii. Then ax[x] is an injection and bx[ x ] is a 
surjection since Ii C F,ndK(K[x}). By Theorem 17. 11 (1). a — a' J n and 6 = d n b' for some elements 
a', 6' e K* + F such that d n b'a' J n = 1, or, equivalently, J n d n b'a' J n d n = J n d n . The second 
equality is obtained from the first by applying J n (-)d n , and the first equality is obtained from the 
second by applying d n (-) f n . The last equality of statement 1 follows from Theorem [73] (1). 

2. Suppose that 6a = 1 for some element a G Ii. Then o,k\x] is an injection and bjc[x] is a 
surjection. By Theorem 17.11 (2). a = a' J n and 6 = d n b' for some elements a', 6' G K* + F such 
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that d n b'a' f n = 1, or, equivalently, J n d n b'a' J n d n = J n d n . The last equality of statement 2 
follows from Theorem EU (2). □ 

Since 1% C End^ (_fiT[a;]) we identify each element of the algebra Ii with its matrix with respect 
to the basis {x l /i\ \ i G N} of the vector space K[x]. The equality f d n b'a' f d n = J n d n holds 

iff b'a' = y^, for some matrices A € M n {K), B, C and 1„ :— e n , n + e n +i, n +i + • • • = 

1 — e oo — • • • e n -i tn -i. 
Proof. (=^) Trivial. 

(<S=) For an arbitrary choice of the matrices A, B and C, 

d n (i P) I" = d n l n f l = d n (l - e 00 e n ^ n -x) f = 1. □ 



V C 1 t 

The set £(Ii) is the disjoint union 



£(Ii) - [] £(Ii)„ (34) 



where £(Ii) n := {a G (K* + F) J" \ a K [ x \ is injective} = {a' J" \a' e K* + F, ker if [ £C ](a') n (x") = 
0} = {a e £(Ii) | dim K (cokeT(a K [ x] )) = n} = {a G £(Ii) | - md K[x] (a) = n} and £(Ii) = I*, by 
Theorem l6.2l f3). Similarly, the set 7Z(Ii) is the disjoint union 

ft(Ii) - [] ft(Ii)„ (35) 

nGN 

where K(Ii) n := {b G + F)\b K[x] is surjective} = {d n b'\b' G A'* + F,im K[:c ](&') + 

E7=o Kxl = K \ x \) = {b G ^(Ii)|dimK(ker(6^])) = n} = {6 G | ind x[x] (6) = n} and 

7?.(Ii)o = I*, by Theorem 16.21 (3). Using the additivity of the index map ind^^] we see that 
£(Ii) and 1Z(Ii) are N-graded monoids, that is £(Ii)„£(Ii) m C C(li) n + m and 7^(Ii)„7?.(Ii) m C 
K(li) n+m for all n,m G N. In particular, I$C(h) n ll = £(Ii)n and I^(Ii)„IJ = K(li) n for all 
nGN. Since ab = 1 iff &*a* = 1, we have the equalities 

£(10* = ^(io, = £(ii), £(ii); = ^(ii)„, rc(ii); = £(i!) n , (36) 

for all nGN. In particular, for all elements a G £(Ii) IJ 1Z(Ii), 

ind K[x] (a*) = -md K [ x ](a). (37) 
In general, the equality ([37)) does not hold. 

Example, ind^^l + d) = but indx[ K ]((l + &)*) — ind^f^l + /) = — 1- 

Clearly, 

£(ii)„n^(i!) m : 



l\ if n = m = 0, 
3 otherwise. 



Theorem 7.3 1. The monoid £(Ii) is generated by the group \\ and the element J . 

2. For all n G N, £(Ii)„ = l\ f n . For all n, m G N, £(Ii)„£(Ii) m = £{h) n+m . 

3. The monoid 7^(Ii) is generated by the group I| and the element d. 

4. For all n G N, TZ(h) n = d n l\. For all n, m G N, K(Ix)nK{h) m = TZ(h) n+m . 
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Proof. 1. Statement 1 follows from statement 2 and (1M|) . 

2. It is obvious that £(Ii) D If f" Let a E £(Ii)„. To prove that the opposite inclusion 
holds we have to show that a = u J™ for some u E I*. Clearly, a — a' f n where a' G if* + F 
and ker K[x]( a ') H (x ra ) = 0. The last condition means that the columns c n ,c n +i, ... of the N x N 
matrix a' E if* + F = if* + Moo (if) are linearly independent (where c,, i eN are the columns 
of the matrix a'), and so there exists an element / = Ylj=o SieN ^ij e ij e -^i ^ij ^ such that 
all the columns of the matrix a' + / G if* + F = if* + M X (K ) are linearly independent, i.e., 
(a' + /) G If. The equality //" = implies that (a' + /) /" = a' f = a, i.e., £(Ii) n = If / n . 
Then £(Ii) n £(l[i) m = If /" I* / m = I* f +m = C{\) n+m for all n, m E N. 

3 and 4. Statements 3 and 4 are obtained from statements 1 and 2 by applying the involution 
* of the algebra Ii , see (f3l)|) . □ 

Remark. For all n > 1, £(Ii)„ = If f" ^ /"if and ft(li)„ = <9™If g If 9™, Corollary [Ll 

Corollary 7.4 i. TTie decomposition £(Ii) = UneN^^i)" * s ^ e or ^ decomposition of the 
action of the group If on £(Ii) &y /e/t multiplication, £(Ii)„ = IJj J" ™ and the stabilizer of 



many orbits and the action of If is not free. 

2. The decomposition 7?.(Ii) = UneN^-(^i)™ * s ^ e oro ^ decomposition of the action of the 
group If on 7£(Ii) fry rigM multiplication, 7?.(Ii)„ = <9"I* and £/ie stabilizer of d n is equal to 



and the action of If is not free. 
The next theorem describes in explicit terms all the left and right inverses for elements of Ii . 

Theorem 7.5 1. Let a E £(Ii), i.e., a = a' J n where a' £ If and n E N (Theorem\7J\(2)). 
Then l.inv(a) = (d n + E Nfi H h E^^a'^ 1 where := X^ g n Ke J l = SjeN KE ji- 

2. Let G ft(Ii), i.e., b = d n b' where b' G If and n E N (Theorem pP} (^Jj. T/ien r.inv(a) = 
fe'-i(J" +£ , N -| 1- w/iere £ iiN := X^ e N-^ e ij = 12je^ KE v- 

Proof. 1. It is obvious that l.inv(a) = <9"a' -1 + keri^-a). Since keri^- J n ) = i?N,o + ••• + 
E n , n -i =: £ and a' G If, ker^ (-a' /") = Sa'- 1 . Therefore, l.inv(a) = (d n +£)a'- 1 . 

2. Statement 2 follows from statement 1 by applying the involution * and using the equalities 
C(Ii)* = K(Ii) n and r.inv(a*) = l.inv(a)*. □ 

Recall that If = if*(l + F)* = if * x (1 + F)* ~ if* x GL oc (if). We use the matrix units 
i e ij}i,jefi to define the isomorphism (e^ <-s> Eij). Define the group monomorphism k : I* — > I* by 
the rule: for all A G if* and u E (1 + F)* ~ GL oc (if ), 



By the very definition, /c(if*) = if* and k((1 + F)*) C (1 + F)*. Moreover, k(u) = e 00 + / m<9 
and, by induction, 






(38) 




(39) 



where E n = e o + en H h e. 



n — 



i. n -i is the n x n identity matrix. Clearly, 



(40) 
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and 

det(«(it)) = det(it) (41) 

where the determinant map det : (1 + F)* (1 + F)* is taken with respect to the basis {e^} (or 
{Eij}; both determinants coincide, see (|3"3")l ). For all u E (1 + F)* and all n > 1, 



/ u = K n (u) and ud n = d n K n (u). 



(42) 



By (22), go]) and (IJ)* = IJ, it suffices to prove that / it = k(u) /: / it = fudj= {e 00 +Jud) J = 
k(u) J. Let u,u G (1 + F)*. Then 

= k(v) / =r* it = 17. (43) 

Proof. The equality can be written as J n u = J v. Then multiplying this equality by the element 
d n on the left yields the result. □ 

Corollary 7.6 1. For all n > 1, £(Ii)„ = 1\ /" g /"ij. T/ie action o/ ifte group I* on 

£/ie set jC(Ii) is /ree ('i.e., t/ie stabilizer of each point is the identity group). 

2. For alln > 1, ft(Ii)„ = 9 n IJ g l\d n . The left action of the group I* on tfte set K(Ii) is 
free. 

Proof. 1. By ([511) and (g5J|, £(Ii)„ = IJ /" g The freeness of the right action of the 

group I* follows from (JSJ) and the facts that £(Ii)„ = I? £(Ii)„It C £(Ii)„: if u f v = u /" 
where it, u E I* then J" u = f™, and so u = 1. 

2. Applying the involution * to statement 1 yields statement 2. □ 



8 The algebras Hi and Ji 

The aim of this section is to introduce and study the algebras \ and Ji that have remarkable 
properties (Theorem 18.31 and Corollary 18.51) . Name just a few: both algebras are obtained from 
Ii by inverting certain elements; they contain the only proper ideal, C(l\) < Ii and C(Ji) < Ji; 
the factor algebras Ii/C(Ii) and Ji/C(Ji) are canonically isomorphic to the skew field of fractions 
Frac(Ai) of the Weyl algebra A\ and its opposite skew field Frac(Ai) op respectively. The algebras 
Ii and JJi will turn out to be the largest right and the largest left quotients rings of the algebra Ii 
respectively (Theorem 19. 7[) . 

Let V be an infinite dimensional vector space. The set V = V(V) of all vector subspaces U of 
V of finite codimension, i.e., codim([7) := A\vcik{V /U) < oo, is a filter. This means that 

(i) if U C W are subspaces of V and U E V then W E V; 

(ii) if Ux, . . . , U n E V then (X =1 U, E V; 
(hi) £ V. 

Let F(V) be the set of all Fredholm linear maps/operators in an infinite dimensional space 
in V. The set J-{V) is a monoid with respect to composition of maps, F(V) + C(V) = F(V) 
and J r (V)f]C(V) = 0. For each element / E F{V) and for each vector space U E V(V), 
f(U), f-^U) E V(V). Let Abe a subalgebra of End K (V) and C(A) := Af]C(V) be the ideal 
of compact operators of the algebra A. Suppose that A\C(A) C F(V). Example: V = K[x], 
A = Ii C End K (K[x]) and C(Ii) = F (Theorem |3~TI Corollary O. Note that the disjoint union 
•F(V) U^(^) i s a semigroup but not a ring but ^(Ii) JJC(Ii) = Ii is a ring. A subalgebra A of 
Endx (V) satisfies the condition A\C(A) C F(V) iff A C ^(V) |_| C(V) iff the Compact-Fredholm 
Alternative holds for the left A-module V. For such a subalgebra A, we say that two elements 
a and o of A are equivalent, a ~ 6, if a|y = 6|y for some E V(V). The relation ~ is an 
equivalent relation on the algebra A. Let [o] be the equivalence class of the element a. Then the 
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set of equivalence classes A = {[a] | a G A} is a if- algebra where [a] + [b] := [a + b], [a][b] := [ab] 
and A [a] = [Aa] for all a, b G A and A S K (the inclusion A\C(A) C F(vl) guarantees that the 
multiplication is well defined). Since [a] = iff a G C(A), there is a canonical algebra isomor- 
phism A/C(A) -> A, a + C(A) i-> [a]. The inclusion A\C(A) C J"(A) implies that the algebra 
lis a domain. Similarly, the set T(V) := F{V)/C(V) = {[a] = a + C(V)\a G F(V)} is a 
monoid, [a] [b] — [ab]. For vector spaces U and W, Isok(U, W) is the set of all bijective linear 
maps from U to W . Via the map [a] i— > [a], the monoid F(F) is canonically isomorphic to the 
group G(V) = {[a] | a G Iso K (U, W) for some U, W G V(F)}; [a] = [a'] where a' G Hom x (C/', FT') 
and U',W G V(F) iff a\u„ = a '\u» for some U" G V(F) such that U" <Z U C\ U'; and for 
b G Iso^t/', VF') and 6 G Q{V), [ab] = [ab\ b -i^ w > nu j] and [a] -1 = [a -1 : W -> [/]. It is convenient 
to identify the groups F(F) and 5(F) via the group isomorphism [a] H > [a]. 

Definition. Let the algebra A be as above, i.e., A C Endx(F) and T\C(A) C J-"(F). Then 
fracy(A) := iracy(A) is the intersection of all subalgebras B (if they exist) of the set G(V) 1J{0} 
such that A, A C B where A := {[a] -1 | ^ [a] G A}. So, fracy(A) is the subalgebra (if it 
exits) in Q(V) lj{0} generated by A and A 

Proposition 8.1 Let the algebra A be as above, i.e., A C End^(F) and A\C{A) C J°(A). Suppose 
that A is a left (resp. right) Goldie domain and Frac(A) be its left (rep. right) skew field of 
fractions. Then the map Frac(A) — > fracy(yl), [s] [a] > [s] _1 [a] (resp. [a][s] _1 i— > [aHsJ^ 1 ,) is an 
algebra isomorphism. 

Proof. The statement follows from the left (resp. right) Ore condition and the fact that each 
nonzero element of the algebra A is invertible in Q{V). In more detail, let A be a left (resp. 
right) Goldie domain. The left (resp. right) Ore condition in the domain A implies that each 
element of Frac(A) and of fracy(A) has the form [s] _1 [a] (resp. [a][s] -1 ) where [a] G A and 
^ [s] G A. By the universal property of the quotient ring Frac(A), the map [s] _1 [a] M> [s] _1 [a] 
(resp. [a][s] _1 i— s- [a][s] -1 ) is an algebra epimorphism with zero kernel, i.e., an isomorphism. □ 

Corollary 8.2 1. For all Ii-modules M of finite length, fracM(Ii) — Frac(i?i) = Frac(Ai). 
2. For all A\-modules M of finite length, fracAf(^4i) — Frac(Ai). 

Proof. 1. This follows from Theorem 13.11 and Proposition HHJ 
2. This follows from [25] and Proposition 18. II □ 

Recall that the algebra B\ = K[H][d, <9 _1 ; r] is the (left and right) localization of the Weyl 
algebra Ai at the powers of the element d, Bi — Sq Ai, and Frac(i?!) = Fiac(Ai). Moreover, 
the multiplicatively closed set B® := {^2 i>0 a_i<9 1 G Bi \ ao ^ 0, all aj G K[H]} is a left and right 
Ore set in B 1 such that 

Frac(Ai) = Frac(Si) = B^ 1 B 1 = flifl? -1 . (44) 

Notice that under the natural algebra epimorphism n : I± — > B\ = Ii/F, a <-> a := a + F , 

tt(I°) = Bl (45) 

by Theorem 16.21 (1). where ij := Ii f] Aut#(if [x]), the multiplicative submonoid of the group 
Aut_R- (K[xj). Let Ii be the subalgebra of Endx{K [x]) generated by Ii and I? , i.e., it is obtained 
from the algebra Ii by adding the inverse elements of all the elements of the set 1°. 

Theorem 8.3 1. tff 1 F = F but F g FI? _1 . 

2. The multiplicatively closed set I] 1 is a right but not left Ore subset o/Ii and III] 1 ~ Ii. 

3. FT® is the only proper ideal of the algebra h, (FI? ) 2 = FI? . 
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4. h/Fl ^ 1 ~ Prac(Ai). 

5. C(Ii) = Ftff 1 (where C(h) := \ f)C{K[x])). 

6. frac KW (Ii) ~Ii/C(Ii) ~ Hrac(Ai). 

7. ('aj There are only two (up to isomorphism) simple left Ii-modules, K[x] and Frac(Ai) = 
Ii/C(Ii). The first one is faithful and the second one is not. 

(b) There are only two (up to isomorphism) simple right \\-modules, (\\/ fli)l® 1 ~ 
1 and Frac(Ai). The first one is faithful and the second one is not. 

8. j F — ©jgN-Ew.i is cm infinite direct sum of nonzero left ideals Ej^^ = Feoi — K[x], therefore 
the algebra Ii is not left Noetherian. Fl\ 1 = (@ ieN -Ej.n)!? 1 — (BieN -^- N ^i 1 * s an 
infinite direct sum of nonzero right ideals -E^nI? 1 where E^ — e^F , therefore the algebra 
Ii is not right Noetherian. 

Proof. 1. The equality 1° 1 F — F follows from the inversion formula (Theorem I6.2l f4)): 

[J G F. The inclusion F C FIT? -1 is strict as e 00 (l - d)" 1 = 

2. Notice that all elements of the set 1° are (left and right) regular, i.e., non-zero divisors in Ii. 
To prove that 1° is a right Ore set we have to show that for all elements a G Ii and selj there 
exist elements b G Ii and t G Ij such that at = sb. By (|44"]) and (1451) . at = sbi + f for some elements 
t G 1°, b\ G Ii and / G F. By statement 1, s± f G F, and so at = s(bi + s -1 /) = sb where 
b = bi + s^ 1 f G Ii, as required. Recall that the algebra Ii is the subalgebra of the endomorphism 
algebra YiTlAk{K[x\) generated by the algebra Ii and 1° . Since 1° is a right Ore set, there is a 
natural algebra epimorphism III" 1 — > Ii such that its restriction to the subalgebra Ii gives the 
identity map Ii — > Ii C I 1 . Since the subalgebra Ii is an essential right Ii-module of Iilj , the 
epimorphism is necessarily an isomorphism. 

The set lo is not a left Ore set, otherwise we would have the equality 1° 1 F = FI® 1 which 
would have contradicted to statement 1 (the equality follows easily from the fact that F is an ideal 
of Ii and the algebra Ii/F is a domain. In more detail, we have to show that every fraction / 
(resp. fs^ 1 ) where s £ Ij and / G F can be written as gt~ x (resp. t~ l g) for some t G I? and 
g G F. Notice that s~ x f = gt~ x (resp. /s _1 = t~ l g) for some t G I" and g € Ii, i.e., ft — sg G F 
(resp. tf ~ gs G F). Since Ii/F is a domain and s G I? we conclude that g G F (resp. g G F)). 

3. By statement 1, FI° = III® FIilJ is a proper ideal of the algebra III® (since 
^ F C FI? _1 and FI? _1 ^ Eil? -1 as Ff|I? = 0)- Therefore, by statement 1, (fl^ 1 ) 2 = 
FlO'Vl? -1 = F 2 ! ^ 1 = Fl ^ 1 since F = F 2 . Since F is the only proper ideal of the algebra Ii 
and an essential Ii-bimodule [12], the ideal FI® 1 is the only proper ideal of the algebra Ii. 

4. Ii/M?" 1 = IxI^V^r 1 - (h/F^ 1 ^ Si^i" 1 = Frac(B 1 ) = Rrac(Ai). 

5. Since FI? -1 C C(if[a;]), we have the inclusion FI?" 1 C I x f| C(iT[a;]) = C(Ii) of proper 
ideals of the algebra 1%. By statement 3, the inclusion is the equality. 

6. By statements 4 and 5, the factor algebra Ii/C(Ii) = Ii/Fl" 1 ~ Frac(Ai) is a skew field. 
Therefore, frac^] (Ii ) = Ii/C(Ii) ~ Frac(Ai). 

7(a). Let M be a simple left \ -module. Then either FI? _1 M = or FI? _1 M = M. In the first 
case, M ~ Ii/Flj 1 — Frac(Ai). In the second case, FM ^ 0. Since F = X)i>o-^ e O'' must have 
e-oim ^ for some nonzero element m of M and some natural number i. Then j^Feoim ~ K[x] 

since 1" 1 F — F, by statement 1. 

7(b). Let N be a simple right Ii-module. Then either NFI ^ 1 = or NFI ^ 1 = N. In 
the first case, N ~ Ii/FI? ~ Frac(Ai). In the second case, NF ^ 0. Since F = Yli>o e »oF, 



s 9 o s - 



40 



must have ne^o 7^ for some nonzero element n of N and some natural number i. Then the right 
Ii-module ne^F ~ Ii / Jli ~ K[d] is simple, hence so is its localization nejo-FI? 1 provided it is 
not equal to zero which is the case as 7^ n G Nf . 
8. Statement 8 is obvious. □ 



Theorem [83] shows that the algebra Ii is not left-right symmetric. In particular, the involution 
* of the algebra Ij cannot be extended to an involution of the algebra Ij since otherwise we would 
have the inclusion (I§)* C Aut k(K[x]) which is not the case as 1 + d G 1° but (1 + <9)* = 1 + J ^ 
Autif(X[x]), by Theorem 

In fact, we can 'extend' the involution * of the algebra Ii in the following sense: we will 
construct an algebra JJi, that contains the algebra Ii, and two A-algebra anti-isomorphisms 

*:Ii-»Ji, a^a*, *:J 1 ->-I x , b ^ b* , (46) 

such that a** = a, b** = b, If — Ii and the restriction of the map * in (|46p to the subalgebra Ii 
coincides with the involution *. Recall that a A-algebra anti-isomorphism (p : A — > B is a bijective 
linear map such that tp(uv) = ip(v)ip(u) for all elements u, v G A; equivalently, (p : A — > B op is a 
A-algebra isomorphism where B op is the opposite algebra to B. The equalities (lid)* = Jl% and 
(fli)* = Ii9 yield the A-linear isomorphisms: 



K[J}~ h/hd ■=¥ Ii/ J Ii ~ if [9], p + Ii<9 ^ p* + / l u (47) 

A[d] ~ h/ JhA- h/hd ~K[J], q + Jh^q*+ ltd, (48) 

such that (am)* = m*a* , m** — m, (na)* = a*n* and n** = n for all elements a G Ii, m G K[J] 
and n G ^[9]. Notice that A[J] is a faithful simple left Ii-module isomorphic to the faithful 
simple Ii-module K[x], and Ii/ Jli is a faithful simple right Ii-module. These are the only (up 
to isomorphism) faithful simple left and right modules of the algebra Ii respectively. 

For the right Ii-module K[d], let Endi<-(A[<9]) op be its A-endomorphism algebra where we 
write the argument of a linear maps ip of End^(A[<9]) op on the left, i.e., (-)ip : K[d] —> K]d], 
p M> (p)if. The upper script 'op' indicates this fact, it also means that the algebra End^(A[9]) 0?) 
is the opposite algebra to the usual A-endomorphism algebra End/f (A[<9]) where we write the 
argument of a linear map on the right. Since the right Ii-module A [d] is faithful, there is the 
algebra monomorphism Ii — > EndA'(A[<9]) op , M> (-a : p i-> pa). We identify the algebra Ii with its 
isomorphic image, i.e., Ii C End^-(A[<9]) op . Let Ji be the subalgebra of Endx(A[<9]) op generated 
by the algebra Ii and the set JJ? := I x f] Aut K (K[d]) op where Aut K (K[d]) op is the group of units 
of the algebra End^(A[<9]) op . Using (gTJ) and (g5J|, we see that 

(I°)*=J°, (J?)*=I?. (49) 

Therefore, the maps f4"Tf and yield the A- algebra anti-isomorphisms (J3S]). 

Corollary 8.4 Let a G Ii and b G Ji- Then 

1. ker(a if[ j ] -)* = ker^a^-r^) and coke^a^ [jj •)* = coker(-a^.j a j). 
jS. ker(-6 K [ 9 ])* = ker(6^.jj.j-) and c6kex(-b K [g\)* = coker^^-). 

Proof. Straightforward, see (|46|) . □ 

The next corollary is a straightforward consequence of (|4"6")l and Theorem [ 



Corollary 8.5 Lei J? := Ii fl Aut K (K[d}) op and Ix be the subalgebra of~End K (K[d]) op generated 
by the algebra I\ and 1 . Then 
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1. FJJ° 1 = F but F £ JJ° 1 F. 

2. The multiplicatively closed set J" is a left but not right Ore subset of Ii and JJ" Ii ~ JJi. 

3. l\ 1 F is the only proper ideal of the algebra Ji, (J° 1 F) 2 = j\ 1 F . 
I Ji/jr^-Frac^!)^. 

5. ego - ir 1 ^- 

<J. frac K[a] (Ji) ~ Ji/C(Ji) ~ Frac(A 1 )°P. 

7. ('aj There are only two (up to isomorphism) simple rightJ\-modules, K[d] and Frac(v4i) 0?) = 

Ji/J? -F. 27ie /irst one is faithful and the second one is not. 

(b) There are only two (up to isomorphism) simple left JJi -modules J° 1 (Ii/Ii3) ~ 1° 1 if [a;] 
and Frac(Ai) op . XTie /irsi one is faithful and the second one is not. 

8. Fj = ©igfj-Fi.N is an infinite direct sum of nonzero right ideals E^ — en)F ~ K[d\j , 
therefore the algebra Ji is not right Noetherian. J" 1 F = Jj ^(B^^ i?N,i) ~ (J) iGN J? Eti,i 
is an infinite direct sum of nonzero left ideals J" -Ek.i where Efjj = Fe$i ~ if [x], therefore 
the algebra Ji is no£ /e/t Noetherian. 

9 The largest left and right quotient rings of the algebra Ii 

In this section, it is proved that neither left nor right quotient ring for the algebra Ii exists, and 
the largest left and the largest right quotient rings of Ii are found, they are not Ii -isomorphic but 
Ii-anti- isomorphic (Theorem 19. 7\ . The sets of right regular, left regular and regular elements of 
the algebra Ii are described (Lemma 19.31 (1). Corollarv l9.4l (l) and Corollary I9.5[) . 

Let R be a ring. An element r of a ring R is right regular if rs = implies s = for s £ R. 
Similarly, left regular is defined, and regular means both right and left regular (and hence not a zero 
divisor). We denote by Cr, C' r and 'Cr the sets of regular, right regular and left regular elements 
of R respectively. All these sets are monoids. A multiplicatively closed subset S of R is said to 
be a right Ore set if it satisfies the right Ore condition if, for each r G R and s G 5, rS f] sR ^ 0. 
Let S be a (non-empty) multiplicatively closed subset of R, and let ass(5) := {r G R \ rs = for 
some s £ S}. Then a right quotient ring of R with respect to <S* (a right localization of R at S) is 
a ring Q together with a homomorphism ip : R — > Q such that 

(i) for all seS, y>(s) is a unit of Q, 

(ii) for all q G Q, q — (^(r^s)" 1 for some r G i?, s G S 1 , and 
(hi) ker(yj) = ass(S). 

If such a ring Q exists the ring Q is unique up to isomorphism, usually it is denoted by RS^ 1 . 
For a right Ore set S, the set ass(S) is an ideal of the ring R. Recall that RS~ X exists iff S is a right 
Ore set and the set S = {s + ass(S') G R/ass(S) | s G S} consists of regular elements ([26., 2.1.12). 
Similarly, a left Ore set, the left Ore condition and the left quotient ring S^^^R are defined. If both 
rings S~ X R and RS^ 1 exist then they are isomorphic ([26 , 2.1.4. (ii))- The right quotient ring of R 
with respect to the set Cr of all regular elements is called the right quotient ring of R. If it exists, 
it is denoted by Frac r (i?) or Q r (R). Similarly, the left quotient ring, Frac;(i?) = Qi(R), is defined. 
If both left and right quotient rings of R exist then they are isomorphic and we write simply 
Frac(i?) or Q(R) in this case. We will see that neither Fracj(Ii) nor Frac r (Ii) exists (Theorem 
19.71 (1)). Therefore, we introduce the following new concepts. 

Definition. For a ring R, a maximal with respect to inclusion right Ore set S of regular elements 
of R (i.e., S C Cr) is called a maximal regular right Ore set in R, and the quotient ring RS -1 
is called a maximal right quotient ring of R. If a maximal right Ore set S is unique we say that 
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S is the largest regular right Ore set in R, and the quotient ring RS -1 is called the largest right 
quotient ring of R denoted Frac r (i?). In |15j . it is proved that Frac r (i?) exists for an arbitrary 
ring. 

Notice that if Cr is a right Ore set then Cr is the largest regular right Ore set and the right 
quotient ring Frac r (i?) is the largest right quotient ring of R. That is why we use the same notation 
Frac r (i?) for the largest right quotient ring of R. Similarly, a maximal regular left Ore set, the 
largest regular left Ore set and the largest left quotient ring of R, Frac; (i?) , are defined. The two 
natural questions below have negative solutions as the case of the algebra R = Ii demonstrates 
(Theorem [9J|). 

Question 1. Is the largest regular right Ore set of R also the largest regular left Ore of Rl 

Question 2. Are the rings Frac;(i?) and Frac r (i?) i?-isomorphic, i.e., there is a ring isomorphism 
ip : Frac;(i?) — > Frac r (i?) such that ip(r) = r for all elements r £ Rl 

It is obvious that if S is the largest regular left Ore set of R which is also a right Ore 
set and if S' is the largest regular right Ore set of R which is a left Ore set then S — S' and 
Frac;(i?) ~ Frac r (-R). In this case, we simply write Frac(i?). 

The next proposition gives answers to two questions: 

Question 3. What is the group 1\ of units of the algebra \\ ? 

Question 4- What is the image of the group II under the natural algebra epimorphism 7r : Ii — > 
VCtlx) =Frac(Bi)? 

Notice that the obvious concept of the degree degg on B\ can be extended to Frac(i?i) by the 
rule deg a (s^ 1 a) = deg a (a) - deg a (s). 

Proposition 9.1 1. I* = I?!?" 1 := {ts- 1 \t,se 1°}. 

2. 77(11) = BfBf 1 ^ Frac(Bi)*. 

3. B®B® 1 is a normal subgroup of the group Frac(-Bi)* of units of the skew field Frac(i?i). 

4. Frac(Bi)* = |J igZ B^Bf ~ d\ a disjoint union. 

5. The group B^B® 1 is the kernel of the group epimorphism degg : Frac(i?i)* = Frac(Ai)* — > 

Z. 

Proof. 1. Let u e I*. Then u = ts^ 1 for some elements t e Ii and s e I? (Theorem I531f2)). 
Clearly, t e I x f] I* C Ii f| Aut K (K[x\) = 1°. 

2. The equality follows from statement 1 and (|45|). The inequality follows from statement 4. 

4. Since B\ — K[H] [d, r], statement 4 is obvious. 

3. Since B®B® 1 d t = d l BfBf , statement 3 follows from statement 4. 

5. Since deg g (BiBi ) — and deg a (9 l ) = i for all i £ Z, statement 5 follows from statement 
4. □ 

Let S be a right Ore set of a ring R, R := R/ass(A) and S = {s + ass(S') | s E S}. The right 
Ore set S such that the elements of S are regular in R (and so RS -1 exists) is called a right 
denominator set. Similarly, a left denominator set is defined. 

Corollary 9.2 1. The multiplicatively closed set Sg :— {d l \ i 6 N} is a left denominator set 
mli with ass(5 a ) = M?" 1 and S g % ~ Frac(Bi). 

2. The multiplicatively closed set Sj :— {/* | i G N} is a right denominator set in Ji with 
ass(S f ) = I^F andl^j 1 ~ Frac(B 1 )°P. 

Proof. 1. Since F = |Ji>i ker^(<9 4 -) and FI° 1 is the only proper ideal of the algebra 
fa (Theorem [531(3)), ass(5 a ) = M?" 1 where ass(S' a ) = {a e h \ d l a = for some i > 1}. 
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Since h/ass(S d ) = h/Flf 1 ~ Frac(Bi) (Theorem E3(5,6)), we have the isomorphism Sg \ ~ 
Frac(Bi), by Proposition 1970(4). 

2. Statement 2 is obtained from statement 1 by using the anti-isomorphism *, see (|46l) . □ 

Lemma[9?3l(l), Corollarv l9.4l (l) and Corollarv l9.5l describe the sets of right regular, left regular 
and regular elements of the algebra Ii respectively. 

Lemma 9.3 Let a 

1. The following statements are equivalent. 

(a) The map a^- is an injection. 

(b) The map of- is an injection. 

(c) The map clk[xY is an injection (see Theorem \6.6\) . 

2. The following statements are equivalent. 

(a) The map a^- is a surjection. 

(b) a = Xd l + f for some A G K* , i > and f 6 F such that the map a,K[ x y is surjective 
(see Theorem \6.3\) . 

Proof. 1. If a S F then none for the three statements is true. If a F then the three 
statements hold since keri^a-) = kerp(a-) (as B\ — 1\/F is a domain) and i x F ~ i^[iz;]( N ). 
2. Applying the Snake Lemma to the commutative diagram of right Ii-modules 

F ^ I a ^ B l 

a- a- a- 

^ F Ii > Bx 

yields the long exact sequence 

— » keri?(a-) — > keri^a-) — > ker^a-) — > cokerp(a-) — > cokcri^a-) — > coker^a-) — > 0. (50) 

(a) =>• (b) If the map a^- is a surjection then so is the map ag 1 -, i-e., a := a + F 6 £?*, and so 
a = Xd l for some A E K* and i e Z, and then, by ([50]) . cokeri?(a-) = cokerj^a-) = 0. Since 
i x F ~ X[x]' N ', the map ax[x] is a surjection. By Theorem 16.31 i > 0. 

(a) <= (b) If statement (b) holds then a + F £ B{ and cokerp(a-) = (since i t F ~ -fsT[x]( N )), 
then, by ([50]) . = cokeri?(a-) = cokerj^a-). □ 

It is obvious that et^- is an injection (resp. a surjection) iff -a* is an injection (resp. a 
surjection). Using the involution * defined in (|46|) . F* = F, i ± K[x] ~ Ii/Ii<9 — K[J] and 
(Ii/Iid)* = Ii/ / Ii — we obtain similar results but for right multiplication. 

Lemma 9.4 Let a € Ii. 

1. The following statements are equivalent. 

(a) The map -a^ is an injection. 

(b) The map -aF is an injection. 

(c) The map -a^nai is an injection. 

2. The following statements are equivalent. 

(a) The map -a^ is a surjection. 
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(b) a = A J 1 +f for some A G if*, i > and f G F such that the map -aK[d] is surjective 
(see Theorem \6.0) . 

Corollary 9.5 Let a 6 Ij. Then a G i/f t/ie maps clk[x] & n d a K[x] are injections (Theorem 

ESP- 

The next lemma is a useful criterion of left regularity. 

Lemma 9.6 Let a G XTien i/ie map -a^ is an injection iff for all natural numbers n > 0, 

(eoo + en + • • • + e fm )im(aiq. E ]) = if [£]<„. -For example, the -(d + is an injection. 

Proof. The map -a^ is not an injection iff there exists a nonzero element / G F such that 
fa = since a $ F and Ii/F is a domain iff (eoo + e n + ■ • • + e„ n )im(aRrr x ]) ^ if [x]< n for some 
natural number n (e.g. n = deg F (/) since / = /(eoo + e n + • • • + e nn )): if V := (e o + e n + 
• • • + e n „)im(a^-[ :c ]) 7^ if [x]<„ then if[a;]< n =7 01^' for some nonzero subspace V of if[x]< n 
and take / to be the projection onto V). 

Let a = d + J then since a * a;' ' = x' 1 ^ , a * — x^~^ + x^ l+1 ^ for i > 1, we have (eoo + en + 
h e„„)im(a Jf [ x ]) = if [ a;]< n for all ri > 0. Then, the map •<zi 1 is an injection, by Lemma 19^6] D 

Let R, S and T be rings such that R C S and R C T. If there exists a ring isomorphism 
(respectively, an anti-isomorphism) (/? : S — > T such that </j(r) = r for all r G i? (respectively, 
y(i?) = R) we say that the rings S and T are R-isomorphic (respectively, R-anti- isomorphic). 

Theorem 9.7 1. The set C% 1 of regular elements of the algebra Ii satisfies neither left nor right 
Ore condition. Therefore, the left and the right quotient rings ofI±, Ii and IiCj~, do 
not exist. 

2. The set I? is the largest regular right Ore set in \, and so the largest right quotient ring of 
fractions Frac r (I 1 ) := \l\ — Ii 0/I1 exists. 

3. The set 1° = (I?)* is the largest regular left Ore set in \, and so the largest left quotient 
ring of fractions Frac/(Ii) := J^ 1 Ii = Ji 0/I1 exists. 

4. The rings Fracv(Ii) andFracz(Ii) are not\\-isomorphic but are\\-anti-isomorphic (see {46])). 
In particular, the largest regular right Ore set in Ii is not a left Ore set and the largest regular 
left Ore set in Ij is not a right Ore set. 

Proof. 1. By Lemma 19.61 the element a :— d + J G Ii is left regular, hence it is regular since 
a* = a. To prove statement 1 it suffices to show that Iieoo f] Iia = and eooli f] all = 0. In fact, 
it suffices to show that the first equality holds since then the second equality can be obtained from 
the first by applying the involution *. Suppose that the first equality fails, then we can find a 
nonzero element, say u, in the intersection, we seek a contradiction. Since Iieoo = ©i £ N ^ e i0i t ne 
element u is the unique sum Y] ieI A^o where all A^ G if* and I is a non-empty finite subset of 
natural numbers. Clearly, u — ga for some element g G In Since u G F and a $ F, we must have 
g G F. Since Fi t = (B ie jji?i.N * s * ne direct sum of right submodules U^pj = ©jeN-^ e «j ~ ^f[9]i a 
and e^o G for all i G i, we see that e^o = A^~ euga, i.e., the element I G if [d] belongs to 

imf-ot-rai) which is obviously impossible since d % * a — \ 

v «W j p [d^+d 1 - 1 if *>0. 

2. Suppose that S is a regular right Ore set in In We have to show that S C 1°. Let u G S, we 
have to show that tislj, Recall that Ii = III? , FI® is the only proper ideal of the algebra 
Ii and Ii/FI? -1 ~ Frac(Bi) (Theorem EH). Let n :% -^h/Fl ^ 1 , a ^ a := a + F^f 1 . None of 
the elements of the ideal FI® 1 is regular. Therefore, u £ FI® 1 . Then n(u) G Frac(-Bi) *, and so 
u = d'st- 1 +ft^\ J J st- 1 + ft^ 1 for some i > 0, j > 0, s, t, h G I? and / G F (Proposition EJ). 

Case 1: u = d l st~ 1 + ft± . Taking a common right denominator we may assume that t = t\ 
(changing s and / if necessary), i.e., u = (d l s + Since 9 J F = F, we may assume that 
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u = d l (s + g)t 1 for some element g £ F such that d l g = f . Notice that u G Endj^iffa:]), and 
(using Lemma |3.5[) . 

ind K[x] (u) = \nd K[x] {d l ) + \nd K[x] (s + g) + ind K[x] (r 1 ) = i + md K[x] (s) = i > 0. 

The element u is regular and ~ K[x}^ N \ hence i — 0, i.e., it = (s + and kerffu^tt) = 0. 

The two conditions 'mdK[ x ](u) = and kerK-[ x i(it) = imply that the map uk[ x ] is a bijection, 
and so u G I x n Aut^-fT^]) = 

Case u = P si -1 + /£f , j > 0. By the same reason as in Case 1, we may assume that 
t = t\, i.e., u = (J 3 s + f)t~ l . Then (using Lemma |375|) 

/i rj rj 

s+/)+ind K [ K ](* _1 ) = indif [x] ( s) = md K[x] ( / )+ind K[x ](s) = -j < 0. 

Therefore, we can fix an element, say v G K[x], such that v g" iniR-u] («•). Fix an element, say 
e G F, such that im^-[ x ](e-) = Kv. Then eli D uli = since, otherwise, we get a contradiction: 
fix ^ w G eli H uli, then w — ea — ub for some elements a,b <E Ii, and so ^ roJf[i;] C 
ira^-r x ](e-) nim K y(u') = If u (1 ira^ [ x ] ( u ~) = 0, a contradiction. The equality eli Dull = implies 
eS n uli = 0, this contradicts to the fact that S is a right Ore set in Ii. This means that S C 1°, 
as required. 

3. Statement 3 follows from statement 2 using pp| . 

4. Suppose that ip : Iilj — >■ Ii is an Ii-isomorphism, we seek a contradiction. By 
Proposition JJ? C (III? -1 )* = by Proposition ETJ(l). Clearly, 1 + d e I?, then 
u := 1 + / = (1 + 5)* G (I?)* = J?, by gHJ). By Proposition O(l), ™d K[x] (1 + /) = -1. Since 
u G 111" 1 C Autif (K[x\), we must have ind^q^l + J) — 0, a contradiction. □ 

Proposition 9.8 Lef R be a ring, T and S be a left and right denominator set of regular elements 
of the ring R respectively (and so R C T~ 1 R and R C RS" 1 ). Then there is an R-isomorphism 
of rings ip : T~ 1 R ^ RS^ 1 (i.e., ip(r) = r for all r G R) iff S C (T^R)* andTC (i?^ 1 )* w/iere 
(T _1 i?)* and (RS^ 1 )* are the groups of units of the rings T _1 i? and RS _1 respectively. 

Proof. Trivial. 

(<=) The subring T of RS~ X generated by R and the set T _1 = {t^ 1 t G T} is canonically 
isomorphic to the ring T _1 i? since T is a left denominator set of regular elements of the ring R. 
Similarly, the subring C of T~ 1 R generated by R and the set S^ 1 = {s _1 | s G S} is canonically 
isomorphic to the ring RS^ 1 . Therefore, we have the ring i?-monomorphisms ip : T~ l R — > RS -1 
and V : RS^ 1 -> T~ l R. Since ')pip(T' 1 R) = T~ l R and ipipiRS- 1 ) = RS^ 1 , the maps ip and ip 
are surjective, and so tp is an i?-isomorphism. □ 

Corollary 9.9 The the inclusion A\ — > 1% cannot be lifted neither to a ring monomorphism 
Frac(Ai) — > Praci(li) nor to Frac(Ai) — > Frac r (Ii). 

Proof. The element d of the Weyl algebra A\ is invertible in Frac(Ai) but is not in Fracz(Ii) 
and Frac r (Ii) since cteoo = 0. □ 
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